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Abstract— We present an algorithm for generating a complete
and non-redundant set of attribute implications from data table
with fuzzy attributes. Rows and columns in the data table
correspond to objects and attributes, respectively. An attribute
implication is an expression which says that if an object satisfies
a certain collection of attributes then it satisfies some other
collection of attributes as well. The algorithm is based on
reduction of the problem to the problem of generating fixed
points of a fuzzy closure operator. We describe the theoretical
insight, the algorithm, and examples.

I. I NTRODUCTION AND PROBLEM SETTING

Tabular data describing objects and their attributes repre-
sents a basic form of data. Several methods have been designed
to analyze object-attribute data. Among these, methods for
obtaining if-then rules (implications) from data are of the
most popular ones. For example, the well-known mining of
association rules is an example of rule-extraction method, see
see [1] and also [13]. The notion of a rule and its validity in
tabular data has been defined in several ways.

In our paper, we are interested in if-then rules generated
from data with fuzzy attributes: rows and columns of data
table correspond to objectsx ∈ X and attributesy ∈ Y ,
respectively. Table entriesI(x, y) are truth degrees to which
objectx has attributey. Unlike the classical case, we assume
that I(x, y) is taken from a suitable scaleL of truth degrees,
e.g. L = [0, 1]. We are interested in rules of the form “if
A then B” (A ⇒ B), where A and B are collections of
attributes, with the meaning: if an object has all the attributes
of A then it has also all attributes ofB. In crisp case, these
rules were thoroughly investigated, see e.g. [10] for the first
paper and [9] for further information and references. Our aim
is basically to look at such if-then rules from the point of view
of fuzzy logic. Our motivation is threefold: (1) in practice,
attributes are usually fuzzy rather than bivalent; (2) non-logical
attributes (like age, etc.) can be scaled to fuzzy attributes; (3)
to investigate connections with related methods for processing
of data with fuzzy attributes, particularly with formal concept
analysis, e.g. [3], [8].

We study the following topics: appropriate tractable defi-
nition of if-then rulesA ⇒ B and their semantics (validity
degree etc.); directly related mathematical structures; the no-
tion of semantic entailment of if-then rules with the aim to
obtain a non-redundant basis of all valid rules; algorithms for
generating bases.

II. PRELIMINARIES

As a set of truth degrees equipped with suitable operations
(truth functions of logical connectives) we use a so-called

complete residuated lattice with truth-stressing hedge. A com-
plete residuated lattice with truth-stressing hedge (shortly, a
hedge) is an algebraL = 〈L,∧,∨,⊗,→, ∗, 0, 1〉 such that
〈L,∧,∨, 0, 1〉 is a complete lattice with0 and 1 being the
least and greatest element ofL, respectively;〈L,⊗, 1〉 is a
commutative monoid (i.e.⊗ is commutative, associative, and
a⊗1 = 1⊗a = a for eacha ∈ L); ⊗ and→ satisfy so-called
adjointness property:

a⊗ b ≤ c iff a ≤ b → c (1)

for eacha, b, c ∈ L; hedge∗ satisfies

a∗ ≤ a, (2)

(a → b)∗ ≤ a∗ → b∗, (3)

a∗∗ = a∗, (4)∧
i∈I a∗i =

(∧
i∈I ai

)∗
(5)

for eacha, b ∈ L, ai ∈ L (i ∈ I). Elementsa of L are
called truth degrees.⊗ and→ are (truth functions of) “fuzzy
conjunction” and “fuzzy implication”. Hedge∗ is a (truth
function of) logical connective “very true”, see [11], [12].
Properties (2)–(5) have natural interpretations, e.g. (2) can be
read: “if a is very true, thena is true”, (3) can be read: “if
a → b is very true and ifa is very true, thenb is very true”,
etc.

A common choice ofL is a structure withL = [0, 1] (unit
interval),∧ and∨ being minimum and maximum,⊗ being a
left-continuous t-norm with the corresponding→. Three most
important pairs of adjoint operations on the unit interval are:

Łukasiewicz:
a⊗ b = max(a + b− 1, 0),

a → b = min(1− a + b, 1),
(6)

Gödel:
a⊗ b = min(a, b),

a → b =
{

1 if a ≤ b,
b otherwise,

(7)

Goguen (product):
a⊗ b = a · b,

a → b =
{

1 if a ≤ b,
b
a otherwise.

(8)

In applications, we usually need a finite linearly orderedL. For
instance, one can putL = {a0 = 0, a1, . . . , an = 1} ⊆ [0, 1]
(a0 < · · · < an) with ⊗ given byak ⊗ al = amax(k+l−n,0) and
the corresponding→ given byak → al = amin(n−k+l,n). Such
an L is called a finite Łukasiewicz chain. Another possibility
is a finite G̈odel chain which consists ofL and restrictions
of Gödel operations on[0, 1] to L. A special case of both of
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these chains is the Boolean algebra withL = {0, 1} (structure
of truth degrees of classical logic).

Two boundary cases of (truth-stressing) hedges are (i)
identity, i.e.a∗ = a (a ∈ L); (ii) globalization [14]:

a∗ =
{

1 if a = 1,
0 otherwise.

(9)

Having L as our structure of truth degrees, we define usual
notions: anL-set (fuzzy set)A in universeU is a mapping
A : U → L, A(u) being interpreted as “the degree to whichu
belongs toA”. If U = {u1, . . . , un} then A can be denoted
by A = {a1/u1, . . . ,

an/un} meaning thatA(ui) equalsai for
eachi = 1, . . . , n. LetLU denote the collection of allL-sets in
U . The operations withL-sets are defined componentwise. For
instance, intersection ofL-setsA,B ∈ LU is anL-setA∩B
in U such that(A∩B)(u) = A(u)∧B(u) for eachu ∈ U , etc.
Binary L-relations (binary fuzzy relations) betweenX andY
can be thought of asL-sets in the universeX × Y .

Given A,B ∈ LU , we define a subsethood degree

S(A,B) =
∧

u∈U

(
A(u) → B(u)

)
, (10)

which generalizes the classical subsethood relation⊆ (note
that unlike⊆, S is a binaryL-relation onLU ). Described
verbally, S(A,B) represents a degree to whichA is a subset
of B. In particular, we writeA ⊆ B iff S(A,B) = 1. As
a consequence, we haveA ⊆ B iff A(u) ≤ B(u) for each
u ∈ U . In the following we use well-known properties of
residuated lattices and fuzzy structures which can be found
in monographs [3], [11].

III. F UZZY ATTRIBUTE IMPLICATIONS

A. Definition, validity, and basic properties

Fuzzy attribute implication(over attributesY ) is an expres-
sion A ⇒ B, whereA,B ∈ LY (A and B are fuzzy sets of
attributes). The intended meaning ofA ⇒ B is: “if it is (very)
true that an object has all attributes fromA, then it has also
all attributes fromB”. The notions “being very true”, “to have
an attribute”, and logical connective “if-then” are determined
by the chosenL.

For an L-set M ∈ LY of attributes, we define adegree
||A ⇒ B||M ∈ L to whichA ⇒ B is valid in M :

||A ⇒ B||M = S(A,M)∗ → S(B,M). (11)

If M is the fuzzy set of all attributes of an objectx, then
||A ⇒ B||M is the truth degree to whichA ⇒ B holds forx.

Fuzzy attribute implications can be used to describe depen-
dencies in data tables with fuzzy attributes. LetX andY be
sets of objects and attributes, respectively,I be anL-relation
betweenX and Y , i.e. I is a mappingI : X × Y → L.
〈X, Y, I〉 is called adata table with fuzzy attributes.〈X, Y, I〉
represents a table which assigns to eachx ∈ X and each
y ∈ Y a truth degreeI(x, y) ∈ L to which objectx has
attribute y. If both X and Y are finite, 〈X, Y, I〉 can be
visualized as in Fig. 1

For fuzzy setsA ∈ LX , B ∈ LY (i.e. A is a fuzzy set of
objects,B is a fuzzy set of attributes), we define fuzzy sets

I · · · y · · ·
...

...
x · · · I(x, y) · · ·
...

...

Fig. 1. Data table with fuzzy attributes

A↑ ∈ LY (fuzzy set of attributes),B↓ ∈ LX (fuzzy set of
objects) by

A↑(y) =
∧

x∈X

(
A(x)∗ → I(x, y)

)
, (12)

B↓(x) =
∧

y∈Y

(
B(y) → I(x, y)

)
. (13)

We put

B(X∗, Y, I) = {〈A,B〉 ∈ LX× LY |A↑ = B, B↓ = A}

and define for〈A1, B1〉, 〈A2, B2〉 ∈ B(X∗, Y, I) a binary
relation ≤ by 〈A1, B1〉 ≤ 〈A2, B2〉 iff A1 ⊆ A2 (or, iff
B2 ⊆ B1; both ways are equivalent). Operators↓, ↑ form so-
called Galois connection with hedge, see [6]. The structure
〈B(X∗, Y, I),≤〉 is called afuzzy concept latticeinduced by
〈X, Y, I〉. The elements〈A,B〉 of B(X∗, Y, I) are naturally
interpreted as concepts (clusters) hidden in the input data
represented byI. Namely, A↑ = B and B↓ = A say that
B is the collection of all attributes shared by all objects
from A, and A is the collection of all objects sharing all
attributes fromB. Note that these conditions represent exactly
the definition of a concept as developed in the so-called Port-
Royal logic;A andB are called theextentand theintentof the
concept〈A,B〉, respectively, and represent the collection of
all objects and all attributes covered by the particular concept.
Furthermore,≤ models the natural subconcept-superconcept
hierarchy—concept〈A1, B1〉 is a subconcept of〈A2, B2〉 iff
each object fromA1 belongs toA2 (dually for attributes).

Now we define a validity degree of fuzzy attribute implica-
tions in data tables and intents of fuzzy concept lattices. First,
for a setM ⊆ LY (i.e. M is an ordinary set ofL-sets) we
define a degree||A ⇒ B||M ∈ L to which A ⇒ B holds in
M by

||A ⇒ B||M =
∧

M∈M ||A ⇒ B||M . (14)

Having 〈X, Y, I〉, let Ix ∈ LY (x ∈ X) be L-set of attributes
such thatIx(y) = I(x, y) for eachy ∈ Y . Described verbally,
Ix is theL-set of all attributes ofx ∈ X, i.e. in 〈X, Y, I〉, Ix

corresponds to a row labeledx. Clearly, we haveIx = {1/x}↑
for eachx ∈ X.

A degree||A ⇒ B||〈X,Y,I〉 ∈ L to whichA ⇒ B holds in
(each row of) 〈X, Y, I〉 is defined by

||A ⇒ B||〈X,Y,I〉 = ||A ⇒ B||M, (15)

whereM = {Ix |x ∈ X}.
Denote

Int(X∗, Y, I) = {B∈LY |〈A,B〉∈B(X∗, Y, I) for someA}



the set of all intents of concepts ofB(X∗, Y, I). SinceM ∈
LY is an intent of some concept ofB(X∗, Y, I) iff M = M↓↑,
we haveInt(X∗, Y, I) = {M ∈ LY |M = M↓↑}.

A degree||A ⇒ B||B(X∗,Y,I) ∈ L to whichA ⇒ B holds
in (intents of)B(X∗, Y, I) is defined by

||A ⇒ B||B(X∗,Y,I) = ||A ⇒ B||Int(X∗,Y,I). (16)

The following lemma connecting the degree to whichA ⇒
B holds in 〈X, Y, I〉, the degree to whichA ⇒ B holds in
intents ofB(X∗, Y, I), and the degree of subsethood ofB in
A↓↑ was proved in [7].

Lemma. Let 〈X, Y, I〉 be a data table with fuzzy attributes.
Then

||A ⇒ B||〈X,Y,I〉 = ||A ⇒ B||B(X∗,Y,I) = S(B,A↓↑) (17)

for each fuzzy attribute implicationA ⇒ B.

B. Implication bases

The main obstacle to extract fuzzy concepts from data tables
with fuzzy attributes is that large data tables and fine scales
of truth degrees usually lead to large amounts of concepts
which are then not graspable by our mind (it is unlikely to
benefit from thousands of concepts, because we would have
serious problems just trying to read them). It is then interesting
to describe concepts as models of (possibly smaller) sets of
fuzzy attribute implications.

Let 〈X, Y, I〉 be a data table with fuzzy attributes and let
T be a set of fuzzy attribute implications.M ∈ LY is called
a modelof T if ||A ⇒ B||M = 1 for eachA ⇒ B ∈ T . The
set of all models ofT is denoted byMod(T ), i.e.

Mod(T ) = {M ∈ LY |M is a model ofT}. (18)

A degree||A ⇒ B||T ∈ L to which A ⇒ B semantically
follows from T is defined by

||A ⇒ B||T = ||A ⇒ B||Mod(T ). (19)

T is calledcomplete(in 〈X, Y, I〉) if ||A ⇒ B||T = ||A ⇒
B||〈X,Y,I〉 for eachA ⇒ B. If T is complete and no proper
subset ofT is complete, thenT is called anon-redundant
basis.Note that the notion of completeness ofT depends on
a given data table with fuzzy attributes.

The following assertion shows that the models of a complete
set of fuzzy attribute implications are exactly the intents of the
corresponding fuzzy concept lattice.

Theorem. T is complete iffMod(T ) = Int(X∗, Y, I).
Proof: Let T be complete. SupposeM ∈ Mod(T ).

We have||M ⇒ M↓↑||Int(X∗,Y,I) = S(M↓↑,M↓↑) = 1 by
(17), i.e. ||M ⇒ M↓↑||T = 1 by completeness and (17).
Since M is a model ofT , we have||M ⇒ M↓↑||M = 1
which immediately gives1 = S(M,M)∗ ≤ S(M↓↑,M),
i.e. M↓↑ ⊆ M . That is, M ∈ Int(X∗, Y, I) which proves
that Mod(T ) ⊆ Int(X∗, Y, I). Now takeM ∈ Int(X∗, Y, I).
For each implicationA ⇒ B ∈ T we have||A ⇒ B||M ≥
||A ⇒ B||Int(X∗,Y,I) = ||A ⇒ B||Mod(T ) = 1 by (17), i.e.
M ∈ Mod(T ) showingInt(X∗, Y, I) ⊆ Mod(T ).

Conversely, ifMod(T ) = Int(X∗, Y, I) then||A ⇒ B||T =
||A ⇒ B||Int(X∗,Y,I) = ||A ⇒ B||〈X,Y,I〉 by (17).

Therefore, we are interested in finding non-redundant bases.
First, a non-redundant basisT is a minimal set of implications
which conveys, via the notion of semantic entailment, infor-
mation about validity of attribute implications in〈X, Y, I〉. In
particular, attribute implications which are true (in degree1)
in 〈X, Y, I〉 are exactly those which follow (in degree1) from
T . Second, non-redundant bases are promising candidates
for being the minimal complete sets of attribute implications
which describe the concept intents (and consequently, the
whole fuzzy concept lattice).

IV. A LGORITHM FOR GETTING NON-REDUNDANT BASES

A. Systems of pseudo-intents

Given 〈X, Y, I〉, P ⊆ LY (a system of fuzzy sets of
attributes) is called asystem of pseudo-intentsof 〈X, Y, I〉
if for eachP ∈ LY we have:

P ∈ P iff P 6= P ↓↑ and ||Q ⇒ Q↓↑||P = 1
for eachQ ∈ P with Q 6= P .

If ∗ is globalization and ifY is finite, then for each〈X, Y, I〉
there exists a unique system of pseudo-intents (this is not so
for the other hedges in general). From now on, letY be finite
and letL be finite and linearly ordered. Moreover, forZ ∈ LY

we put

ZT∗ = Z ∪
⋃
{B ⊗ S(A,Z)∗ |A ⇒ B ∈ T andA 6= Z},

ZT∗0 = Z,

ZT∗n = (ZT∗n−1)T∗ , for n ≥ 1,

and define an operatorclT∗ on L-sets inY by

clT∗(Z) =
⋃∞

n=0 ZT∗n . (20)

Theorem. Let P be a system of pseudo-intents and put

T = {P ⇒ P ↓↑ |P ∈ P}. (21)

(i) T is non-redundant basis. Moreover, if∗ is globalization
then T is minimal. (ii) If ∗ is globalization then clT∗ is an
L∗-closure operator, and

{clT∗(Z) |Z ∈ LY } = P ∪ Int(X∗, Y, I). (22)

Proof: For (i) see [7].
(ii): We check thatclT∗ satisfies the following properties of

L∗-closure operators

Z ⊆ clT∗(Z), (23)

S(Z1, Z2)∗ ≤ S(clT∗(Z1), clT∗(Z2)), (24)

clT∗(Z) = clT∗(clT∗(Z)), (25)

for eachZ,Z1, Z2 ∈ LY . (23) is obvious.
(24): Since∗ is globalization andT is defined by (21), we

haveZT∗ = Z∪
⋃
{Q↓↑ |Q ∈ P, Q ⊂ Z}. If S(Z1, Z2)∗ = 1

thenZ1 ⊆ Z2, i.e. if Q ⊂ Z1, thenQ ⊂ Z2 yielding Z1
T∗ ⊆

Z2
T∗ , i.e. S(clT∗(Z1), clT∗(Z2)) = 1.



In order to show (25), it is sufficient to check(clT∗(Z))T∗ ⊆
clT∗(Z). If Q ⊂ clT∗(Z) then Q ⊂ ZT∗n for somen ∈ IN0

(recall thatL is finite and linearly ordered, andY is finite).
Hence,Q↓↑ ⊆ ZT∗n+1 ⊆ clT∗(Z). That is, (clT∗(Z))T∗ ⊆
clT∗(Z) yielding clT∗(clT∗(Z)) ⊆ clT∗(Z). Altogether,clT∗
is anL∗-closure operator.
P ∪ Int(X∗, Y, I) ⊆ {clT∗(Z) |Z ∈ LY } follows directly

from properties of globalization. For the converse inclusion it
suffices to show that ifclT∗(Z) 6= clT∗(Z)↓↑ then clT∗(Z)
is in P. ConsiderQ ∈ P with Q ⊂ clT∗(Z). Then Q↓↑ ⊆
(clT∗(Z))T∗ = clT∗(Z), i.e. ||Q ⇒ Q↓↑||clT∗(Z) = 1.

For general hedge∗, operatorclT∗ need not satisfy the
monotony condition (24). Consider a finite Łukasiewicz chain
L with L = {0, 0.1, 0.2, . . . , 0.9, 1} and let∗ be the identity
(a∗ = a). Take T = {{0.1/y} ⇒ {1/y}}. Obviously,
clT∗({0/y})(y) ≥

(
{0/y}T∗

)
(y) = 0∨ (1⊗ (0.1 → 0)) = 0.9.

On the other hand,clT∗({0.1/y})(y) = 0.1. Thus, we have
{0/y} ⊆ {0.1/y}, and clT∗({0/y}) 6⊆ clT∗({0.1/y}), i.e. clT∗
is not monotone.

B. Algorithm for getting all (pseudo) intents

The previous theorem showed that for∗ being the globaliza-
tion, we can get all intents and all pseudo-intents (of a given
data table with fuzzy attributes) by computing the fixed points
of clT∗ . This can be done with polynomial time delay using
the fuzzy extension of Ganter’s algorithm for computing all
fixed points of a closure operator, see [5].

Hence, ifL is finite and linearly ordered residuated lattice
with ∗ being the globalization, one can compute all (pseudo)
intents of 〈X, Y, I〉 (Y being finite) using the following
algorithm:

Input: 〈X, Y, I〉.
Output: Int(X∗, Y, I) (intents),P (pseudo-intents).

B := ∅
if B = B↓↑:

add B to Int(X∗, Y, I)
else:

add B to P
while B 6= Y :

T := {P ⇒ P ↓↑ |P ∈ P}
B := B+

if B = B↓↑:
add B to Int(X∗, Y, I)

else:
add B to P

Note thatB+ denotes the lectically smallest fixed point of
L-closure operatorclT∗ which is a successor ofB. For more
details on extended Ganter’s algorithm, we refer to [5].

V. I LLUSTRATIVE EXAMPLE AND REMARKS

Let L be a three-element Łukasiewicz chain such thatL
consists ofL = {0, 0.5, 1} (0 < 0.5 < 1) endowed with⊗,→
defined by (6), and let∗ be the globalization. The data table
is given by Table I. The setX of object consists of objects

TABLE I

DATA TABLE WITH FUZZY ATTRIBUTES

size distance
small (s) large (l) far (f) near (n)

Mercury (Me) 1 0 0 1
Venus (Ve) 1 0 0 1
Earth (Ea) 1 0 0 1
Mars (Ma) 1 0 0.5 1

Jupiter (Ju) 0 1 1 0.5
Saturn (Sa) 0 1 1 0.5
Uranus (Ur) 0.5 0.5 1 0
Neptun (Ne) 0.5 0.5 1 0

Pluto (Pl) 1 0 1 0

TABLE II

EXTRACTED CONCEPTS

extent intent
no. Me Ve Ea Ma Ju Sa Ur Ne Pl s l f n
1. 0 0 0 0 0 0 0 0 0 1 1 1 1
2. 0 0 0 0.5 0 0 0.5 0.5 1 1 0 1 0
3. 0.5 0.5 0.5 1 0 0 0 0 0 1 0 0.5 1
4. 0.5 0.5 0.5 1 0 0 0.5 0.5 1 1 0 0.5 0
5. 1 1 1 1 0 0 0 0 0 1 0 0 1
6. 1 1 1 1 0 0 0.5 0.5 1 1 0 0 0
7. 0 0 0 0.5 0.5 0.5 1 1 0.5 0.5 0.5 1 0
8. 0 0 0 0.5 0.5 0.5 1 1 1 0.5 0 1 0
9. 0.5 0.5 0.5 1 0.5 0.5 1 1 1 0.5 0 0.5 0

10. 1 1 1 1 0.5 0.5 1 1 1 0.5 0 0 0
11. 0 0 0 0 1 1 0.5 0.5 0 0 1 1 0.5
12. 0 0 0 0.5 1 1 1 1 0.5 0 0.5 1 0
13. 0 0 0 0.5 1 1 1 1 1 0 0 1 0
14. 0.5 0.5 0.5 1 1 1 0.5 0.5 0.5 0 0 0.5 0.5
15. 0.5 0.5 0.5 1 1 1 1 1 1 0 0 0.5 0
16. 1 1 1 1 1 1 0.5 0.5 0.5 0 0 0 0.5
17. 1 1 1 1 1 1 1 1 1 0 0 0 0

“Mercury”, “Venus”, . . . , Y contains four attributes: size of
the planet (small / large), distance from the sun (far / near).
The corresponding fuzzy concepts (clusters) extracted from
this data table are identified in Table II, where each row repre-
sents a single concept. The subconcept-superconcept hierarchy
(fuzzy concept lattice) is depicted in Fig. 2.

Concepts in Table II have natural interpretation. For instance
concept 2. can be understood as cluster of “small planets far
from sun”, concept 14. can be interpreted as cluster of “planets
with average distance from sun”. Concepts 1. and 17. represent
borderline concepts.

Before we present the non-redundant basis, let us introduce
the following convention for writing finiteL-fuzzy sets: we
write {. . . , u, . . . } instead of{. . . , 1/u, . . . }, and we also omit
elements ofU whose membership degree is zero. For example,
we write {u, 0.5/v} instead of{1/u, 0.5/v, 0/w}, etc.

The systemP of pseudo-intents is the following

P = {{s, 0.5/l, f}, {0.5/s, 0.5/n}, {l, f},
{0.5/l}, {f, 0.5/n}, {n}}.

Hence, the minimal non-redundant basisT defined by (21)
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Fig. 2. Fuzzy concept lattice

TABLE III

AVERAGE SIZES OF BASES(THREE TRUTH DEGREES)

3 attributes 5 attributes 7 attributes
objs. B P ratio B P ratio B P ratio

5 9 5 0.556 13 11 0.846 17 17 1.000
10 15 4 0.267 34 14 0.412 58 26 0.448
15 19 4 0.211 56 17 0.304 123 39 0.317
20 21 3 0.143 75 18 0.240 164 48 0.293
25 23 3 0.130 89 18 0.202 238 56 0.235
30 24 3 0.125 105 19 0.181 303 66 0.218
35 25 2 0.080 119 19 0.160 385 67 0.174
40 26 2 0.077 125 19 0.152 391 70 0.179

consists of the following fuzzy attribute implications:

{s, 0.5/l, f}⇒{s, l, f, n}, {0.5/s, 0.5/n}⇒{s, n},
{l, f}⇒{l, f, 0.5/n}, {0.5/l}⇒{0.5/l, f},
{f, 0.5/n}⇒{l, f, 0.5/n}, {n}⇒{s, n}.

Minimal non-redundant bases are not given uniquely in gen-
eral. For example, the previous setT can be converted into
so-calledstem basisT ◦ = {P ⇒ P ◦ |P ∈ P}, where

P ◦(y) =
{

0 if P ↓↑(y) = P (y),
P ↓↑(y) otherwise,

for eachP ∈ P, y ∈ Y . It is easily seen thatT ◦:

{s, 0.5/l, f}⇒{l, n}, {0.5/s, 0.5/n}⇒{s, n},
{l, f}⇒{0.5/n}, {0.5/l}⇒{f},
{f, 0.5/n}⇒{l}, {n}⇒{s}

is also a minimal non-redundant basis. Note that the impli-
cations in both bases represent information which completely
describes all concepts. For instance,{n}⇒{s} can be read:
“each near planet is small”,{0.5/l} ⇒ {f} can be read: “if
x is large in degree0.5, then x is far”. A finer reading of
fuzzy attribute implications depends on the interpretation of
the truth degrees, on the chosen structure of truth degrees,
and of course, on the particular application.

To sum up, six fuzzy attribute implications are sufficient to
determine 17 concepts of a data table with fuzzy attributes of
size9× 4 with three truth degrees.

TABLE IV

AVERAGE SIZES OF BASES(FIVE TRUTH DEGREES)

3 attributes 5 attributes 7 attributes
objs. B P ratio B P ratio B P ratio

5 12 9 0.750 17 19 1.118 25 26 1.040
10 26 12 0.462 69 29 0.420 130 51 0.392
15 40 12 0.300 139 38 0.273 358 77 0.215
20 52 12 0.231 216 47 0.218 591 102 0.173
25 66 12 0.182 322 54 0.168 853 129 0.151
30 71 12 0.169 421 59 0.14 1326 166 0.125
35 76 11 0.145 505 64 0.127 2115 207 0.098
40 81 11 0.136 575 68 0.118 2356 234 0.099

Experimental results have shown that the number of impli-
cations is usually (considerably) smaller than the number
of concepts. However, the number of implications varies
depending on density of the input data table (sparse tables
can lead to relatively small amounts of concepts but large
amounts of implications). Tables III and IV contain a summary
of average number of (pseudo) intents of randomly generated
data tables with3, 5, or 7 attributes and with5 up to40 objects
(columns labeled “B” contain average number of concepts,
columns labeled “P” contain average size of the minimal
bases, columns labeled “ratio” contain quotient of the previous
values).
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