
GALOIS CONNECTIONS WITH HEDGES ∗
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ABSTRACT: We introduce (fuzzy) Galois connections
with hedges. Fuzzy Galois connections are basic structures
behind so-called formal concept analysis of data with fuzzy
attributes. Introducing hedges to Galois connections means in-
troducing two parameters. The parameters influence the size
of the set of all the fixpoints of a Galois connection. In the
sense of formal concept analysis, the fixpoints, called formal
concepts, are just the clusters extracted from data. The role
of hedges is thus to control the number of extracted clusters.
Stronger hedges lead to less clusters.

We present definition, examples, and basic properties of
Galois connections with hedges. In addition to that, we pro-
vide their axiomatization: Galois connections with hedges are
exactly mappings induced by object-attribute data with fuzzy
attributes. The effect of a parameterized reduction of the num-
ber of clusters from object-attribute data is demonstrated by
examples.

Keywords: Galois connection, fuzzy logic, hedge, formal
concept analysis, data with fuzzy attributes

1 INTRODUCTION AND PRELIMINARIES

1.1 Introduction

Galois connections appear in several areas of mathematics and
computer science, and their applications. We are interested
in their applications in reasoning about object-attribute tabu-
lar data. Tabular data describing objects and their attributes
represents a basic form of data. Among the several methods
for analysis of object-attribute data, formal concept analysis
(FCA) is becoming increasingly popular, see [11, 10]. The
main aim in FCA is to extract interesting clusters (called for-
mal concepts) from tabular data. Formal concepts correspond
to maximal rectangles in a data table. The number of formal
concepts in data can be large. A large collection of formal
concepts is not directly comprehensible by a user. Develop-
ment of methods which help to overcome the problem of large
number of extracted formal concepts is thus an important task.

The aim of our paper is to introduce a new theoretical tool
for formal concept analysis and reasoning about tabular data
with fuzzy attributes. Our tool extends that one based on
(fuzzy) Galois connections [15, 1] by introducing two ad-
ditional parameters. The parameters, called (truth-stressing)
hedges, are unary functions on the scale of truth degrees.
Hedges can be seen as truth functions of connectives “very
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true”. As we will see, we use hedges so that they select “im-
portant attributes” and “important objects”. Stronger hedges
lead to stronger criteria for “being important”. The practi-
cal effect in formal concept analysis is that stronger hedges
lead to smaller number of extracted clusters. This property
assigns hedges a role of parameters controlling the number of
extracted clusters from data.

In what follows, we present preliminary notions, defini-
tions of Galois connections with hedges, examples and their
basic properties. We show that each tabular data with fuzzy
attributes induces in a natural way a Galois connection with
hedges and, conversely, each Galois connections with a hedge
is induced by some tabular data. Moreover, we show that our
approach generalizes some of the approaches to formal con-
cept analysis of data with fuzzy attributes proposed previously
in the literature. The effect of reducing the size of extracted
clusters from tabular data is demonstrated by an example.

1.2 Preliminaries

We use sets of truth degrees equipped with operations (logical
connectives) so that is becomes a complete residuated lattice
with a truth-stressing hedge. A complete residuated lattice
with truth-stressing hedge (shortly, a hedge) [12, 13] is an al-
gebraL = 〈L,∧,∨,⊗,→,∗,0,1〉 such that〈L,∧,∨,0,1〉 is a
complete lattice with 0 and 1 being the least and greatest el-
ement ofL, respectively;〈L,⊗,1〉 is a commutative monoid
(i.e. ⊗ is commutative, associative, anda⊗1 = 1⊗a = a for
eacha∈ L); ⊗ and→ satisfy so-called adjointness property:

a⊗b≤ c iff a≤ b→ c (1)

for eacha,b,c∈ L; hedge∗ satisfies

1∗ = 1, (2)

a∗ ≤ a, (3)

(a→ b)∗ ≤ a∗→ b∗, (4)

a∗∗ = a∗, (5)

for eacha,b∈ L. Elementsa of L are called truth degrees.⊗
and→ are (truth functions of) “fuzzy conjunction” and “fuzzy
implication”. Hedge∗ is a (truth function of) logical connec-
tive “very true”, see [12, 13]. Properties (2)–(5) have natural
interpretations, e.g. (3) can be read: “ifa is very true, thena
is true”, (4) can be read: “ifa→ b is very true and ifa is very
true, thenb is very true”, etc.

A common choice ofL is a structure withL = [0,1] (unit
interval),∧ and∨ being minimum and maximum,⊗ being a
left-continuous t-norm with the corresponding→. Three most



important pairs of adjoint operations on the unit interval are:

Łukasiewicz:
a⊗b = max(a+b−1,0),

a→ b = min(1−a+b,1),
(6)

Gödel:
a⊗b = min(a,b),

a→ b =
{

1 if a≤ b,
b otherwise,

(7)

Goguen (product):
a⊗b = a·b,

a→ b =
{

1 if a≤ b,
b
a otherwise.

(8)

In applications, we usually need a finite linearly orderedL .
For instance, one can putL = {a0 = 0,a1, . . . ,an = 1} ⊆ [0,1]
(a0 < · · · < an) with ⊗ given byak⊗ al = amax(k+l−n,0) and
the corresponding→ given byak → al = amin(n−k+l ,n). Such
anL is called a finite Łukasiewicz chain. Another possibility
is a finite G̈odel chain which consists ofL and restrictions of
Gödel operations on[0,1] to L.

Two boundary cases of (truth-stressing) hedges are (i) iden-
tity, i.e. a∗ = a (a∈ L); (ii) globalization [17]:

a∗ =
{

1 if a = 1,
0 otherwise.

(9)

A special case of the complete residuated lattice with hedge is
the two-element Boolean algebra〈{0,1},∧,∨,⊗,→,∗,0,1〉,
denoted by2, which is the structure of truth degrees of the
classical logic. That is, the operations∧,∨,⊗,→ of 2 are the
truth functions (interpretations) of the corresponding logical
connectives of the classical logic and 0∗ = 0, 1∗ = 1. Note
that if we prove an assertion for generalL , then, in particular,
we obtain a “crisp version” of this assertion forL being2.

Having L , we define usual notions: anL -set (fuzzy set)A
in universeU is a mappingA: U → L, A(u) being interpreted
as “the degree to whichu belongs toA”. If U = {u1, . . . ,un}
thenA can be denoted byA = {a1/u1, . . . ,

an/un} meaning that
A(ui) equalsai for eachi = 1, . . . ,n. For brevity, we intro-
duce the following convention: we write{. . . ,u, . . .} instead of
{. . . ,1/u, . . .}, and we also omit elements ofU whose member-
ship degree is zero. For example, we write{u,0.5/v} instead
of {1/u,0.5/v,0/w}, etc. LetLU denote the collection of all
L -sets inU . The operations withL -sets are defined compo-
nentwise. For instance, the intersection ofL -setsA,B ∈ LU

is anL -setA∩B in U such that(A∩B)(u) = A(u)∧B(u) for
eachu ∈U , etc. 2-sets (operations with2-sets) can be iden-
tified with the ordinary (crisp) sets (operations with ordinary
sets) of the naive set theory. BinaryL -relations (binary fuzzy
relations) betweenX andY can be thought of asL -sets in the
universeX×Y.

GivenA,B∈ LU , we define a subsethood degree

S(A,B) =
V

u∈U

(
A(u)→ B(u)

)
, (10)

which generalizes the classical subsethood relation⊆ (note
that unlike⊆, S is a binaryL -relation onLU ). Described ver-
bally, S(A,B) represents a degree to whichA is a subset of
B. In particular, we writeA⊆ B iff S(A,B) = 1. As a conse-
quence,A⊆ B iff A(u)≤ B(u) for eachu∈U .

2 GALOIS CONNECTIONS WITH HEDGES

2.1 Definition of induced mappings and examples

We suppose that we are given a complete residuated lattice
L , and two truth stressers,∗X and∗Y on L . Let X andY be
sets of objects and attributes, respectively,I be a fuzzy relation
betweenX andY. That is,I : X×Y→ L assigns to eachx∈ X
and eachy ∈ Y a truth degreeI(x,y) ∈ L to which objectx
has attributey. The triplet〈X,Y, I〉 represents a data table with
rows and columns corresponding to objects and attributes, and
table entries containing degreesI(x,y).

For fuzzy setsA∈ LX andB∈ LY, consider fuzzy setsA↑ ∈
LY andB↓ ∈ LX (denoted alsoA↑I andB↓I ) defined by

A↑(y) =
^
x∈X

(A(x)∗X → I(x,y)) (11)

and

B↓(x) =
^
y∈Y

(B(y)∗Y → I(x,y)). (12)

Using basic rules of predicate fuzzy logic,A↑(y) is the truth
degree of “for eachx∈ X: if it is very true thatx belongs toA
thenx hasy” where “very true” is interpreted by∗X. Similarly
for B↓ with “very true” interpreted by∗Y. That is,A↑ is a fuzzy
set of attributes common to all objects for which it is very true
that they belong toA, andB↓ is a fuzzy set of objects sharing
all attributes for which it is very true that they belong toB.
The set

B (X∗X ,Y∗Y , I) = {〈A,B〉 | A↑ = B, B↓ = A}

of all fixpoints of〈↑,↓〉 thus contains all pairs〈A,B〉 such that
A is the collection of all objects that have all the attributes of
“very B”, andB is the collection of all attributes that are shared
by all the objects of “veryA”. For the sake of brevity, we use
alsoB (X∗,Y∗, I) instead ofB (X∗X ,Y∗Y , I). Also, we omit∗
if it is the identity and write e.g. onlyB (X,Y∗Y , I). Given
∗X and∗Y as parameters, elements〈A,B〉 ∈ B (X∗,Y∗, I) will
be called formal concepts of〈X,Y, I〉; A andB are called the
extent and intent of〈A,B〉, respectively;B (X∗,Y∗, I) will be
called a concept lattice of〈X,Y, I〉. Both the extentA and the
intent B are in general fuzzy sets. This corresponds to the
fact that in general, concepts apply to objects and attributes to
intermediate degrees, not necessarily 0 and 1. The extentA
and the intentB represent collections of objects and attributes,
respectively, covered by a concept represented by〈A,B〉.

Introduce a partial order≤ on B (X∗X ,Y∗Y , I) by putting

〈A1,B1〉 ≤ 〈A2,B2〉 iff A1 ⊆ A2

for any 〈A1,B1〉,〈A2,B2〉 ∈ B (X∗X ,Y∗Y , I). 〈A1,B1〉 ≤
〈A2,B2〉 means that〈A2,B2〉 is more general (covers a larger
collection of objects) than〈A1,B1〉. The following lemma says
that covering a larger collection of objects is equivalent to cov-
ering a smaller collection of attributes.

Lemma 1 For any 〈A1,B1〉,〈A2,B2〉 ∈ B (X∗X ,Y∗Y , I) we
have

A1 ⊆ A2 iff B2 ⊆ B1.



Proof. The proof follows by Theorem 3 (iii) and the fact that
for 〈A1,B1〉,〈A2,B2〉 ∈ B (X∗X ,Y∗Y , I) we haveA↑i = Bi and

B↓i = Ai . 2

Remark It is easy to see that2 (see Section 1.2) is the only
residuated lattice with a hedge which has{0,1} as its support
set. This means that the only mappings↑ and↓ induced by a
(crisp) relationI betweenX andY as in (11) and (12) are the
ordinary Galois connections. Recall that in that case, using
ordinary set-theoretic notation,A↑ = {y∈Y | for eachx∈ A :
〈x,y〉 ∈ I} andB↓ = {x∈ X | for eachy∈ B : 〈x,y〉 ∈ I}, for
anyA⊆ X andB⊆Y.

The following are some examples that appeared previously
in the literature.

Example 1 (1) Let both∗X and∗Y be identities onL. Then
B (X,Y, I), i.e. B (X∗,Y∗, I), is what is called a (fuzzy) con-
cept lattice, see e.g. [3, 16]. Axiomatic characterization of
mappings↑ and ↓ is given in [1]. A characterization of the
structure ofB (X,Y, I) is provided in [4].

(2) Recall from [9] that a crisply generated formal concept
of 〈X,Y, I〉 is a formal concept〈A,B〉 ∈ B (X,Y, I) (∗X and∗Y

are identities) which is generated by a crisp (fuzzy) set of at-
tributes, i.e. there isD∈ {0,1}Y such thatA= D↓ andB= A↑.
Crisply generated formal concepts may be thought of as the
important ones. The number of crisply generated concepts is
considerably smaller than the number of all formal concepts,
see [9]. Now, it can be shown that if∗X is the identity and∗Y

is the globalization onL, B (X∗X ,Y∗Y , I) is just the set of all
crisply generated concepts.

(3) It can be shown (we omit details) that what is called a
fuzzy concept lattice in [18] is in fact a structure isomorphic
to B (X∗X ,Y∗Y , I) with ∗X and∗Y being identity and globaliza-
tion, respectively. If, on the other hand,∗X and∗Y are global-
ization and identity, respectively,B (X∗X ,Y∗Y , I) is isomorphic
to what is called a one-sided fuzzy concept lattice in [14].

(4) An attribute implication [6, 8] is an expressionA⇒ B
whereA,B∈ LY are fuzzy sets of attributes. The degree||A⇒
B||〈X,Y,I〉 to whichA⇒ B is true in〈X,Y, I〉 is defined by

||A⇒ B||〈X,Y,I〉 =
^
x∈X

S(A, Ix)∗→ S(B, Ix).

Here,Ix∈ LY is a fuzzy set of attributes of objectx, i.e. Ix(y) =
I(x,y), and∗ is a truth stresser onL. Then,||A⇒ B||〈X,Y,I〉 is
the truth degree of “each object fromX having all attributes
from A has also all attributes fromB”. It can be shown that
a setT of attribute implications is a base, i.e.T semantically
entails exactly the set of all attribute implications which are
fully true (i.e., in degree 1) in〈X,Y, I〉, if and only if the set
of all models ofT (a fuzzy set of attributes in which all im-
plications ofT are true) equals the set of all intents of formal
concepts fromB (X∗,Y, I), see [6, 8] for details.

2.2 Basic properties of induced mappings

We are going to present basic properties of operators↑ and↓.
In what follows we assume that↑ and↓ are induced by (11) and
(12) and that∗X and∗Y are hedges on a complete residuated
latticeL , i.e. satisfy (2)–(5).

For the sake of brevity we introduce mappings⇑: LX → LY

and⇓: LY → LX defined by

A⇑(y) =
^
x∈X

A(x)→ I(x,y),

B⇓(x) =
^
y∈Y

B(y)→ I(x,y).

That is,⇑ and⇓ are induced by (11) and (12) with∗X and∗Y

being identities onL, cf. Example 1 (1). In the following, we
will use the fact that↑ is a composition of∗X and⇑ and↓ is
a composition of∗Y and⇓, i.e. A↑ = A∗X⇑ andB↓ = B∗Y⇓ for
anyA∈ LX andB∈ LY.

We need the following lemma.

Lemma 2 A hedge∗ satisfies(
W

i∈I a∗i )
∗ =

W
i∈I a∗i .

Proof. “≤” follows from (3).
“≥” holds iff for any i ∈ I we havea∗i ≤ (

W
i∈I a∗i )

∗ which is
true sincea∗i = a∗∗i ≤ (

W
i∈I a∗i )

∗. 2

Basic properties of the induced mappings follow.

Theorem 3 Mappings↑ and ↓ induced by (11) and (12) sat-
isfy the following properties.

(i) S(A1,A2)∗X ≤ S(A∗X
1 ,A∗X

2 )≤ S(A↑2,A
↑
1),

S(B1,B2)∗Y ≤ S(B∗Y
1 ,B∗Y

2 )≤ S(B↓2,B
↓
1);

(ii) A∗X ⊆ A↑↓ and B∗Y ⊆ B↓↑;

(iii) A1 ⊆ A2 implies A↑2 ⊆ A↑1, and

B1 ⊆ B2 implies B↓2 ⊆ B↓1;

(iv) S(A∗X ,B↓) = S(B∗Y ,A↑);

(v) if (
W

j∈J a j)∗X =
W

j∈J a∗X
j then(

S
i∈I Ai)↑ =

T
i∈I A↑i ,

if (
W

j∈J a j)∗Y =
W

j∈J a∗Y
j then(

S
i∈I Bi)↓ =

T
i∈I B↓i ;

(vi) A↑ = A∗X↑ and B↓ = B∗Y↓;

(vii) A↑∗Y ⊆ A↑↓↑ ⊆ A∗X↑ and B↓∗X ⊆ B↓↑↓ ⊆ B∗Y↓;

(viii) (
S

i∈I A∗X
i )↑ =

T
i∈I A↑i and(

S
i∈I B∗Y

i )↓ =
T

i∈I B↓i ;

(ix) A↑↓ = A↑↓↑↓ and B↓↑ = B↓↑↓↑.

Proof. The proof usesA↑ = A∗X⇑ andB↓ = B∗Y⇓, A⇑ ⊆ A↑

andB⇓ ⊆ B↓, and properties of⇑ and⇓ (see [1, 3]). Due to
lack of space, we give only a sketch.

(i)–(iv) follow from properties of⇑ and⇓. For example, (ii)
follows fromA∗X ⊆ A∗X⇑⇓ = A↑⇓ ⊆ A↑↓.

(v): We have (
S

i∈I Ai)⇑ =
T

i∈I A⇑i , i.e.
T

i∈I A↑i =T
i∈I A∗⇑i = (

S
i∈I A∗i )

⇑ = (
S

i∈I Ai)∗⇑ = (
S

i∈I Ai)↑; the proof
for Bi ’s is similar.

(vi) follows from definition of↑ and↓ using (5).
(vii) follows from (ii), (iii);
(viii) follows from (vi) properties of⇑ and⇓, and Lemma 2;
(ix) follows from (iii), (vi), and (vii): For A we haveA↑↓ =

A↑∗Y↓ ⊇ A↑↓↑↓ ⊇ A∗X↑↓ = A↑↓. 2

Next, we show some relationships between some properties
of ↑ and↓.



Theorem 4 If mappings↑ : LX → LY and↓ : LY → LX satisfy

a∗X →{b
/

y}↓(x) = b∗Y →{a
/

x}↑(y), (13)

(
[
i∈I

A∗X
i )↑ =

\
i∈I

A↑i , (14)

(
[
i∈I

B∗Y
i )↓ =

\
i∈I

B↓i , (15)

then they also satisfyS(A∗X ,B↓) = S(B∗Y ,A↑).

Proof. We have to show S(A∗X ,B↓) ≤ S(B∗Y ,A↑), and
S(B∗Y ,A↑)≤ S(A∗X ,B↓). Due to symmetry it suffices to show
only the first inequality. It is easy to see that we have to show
that for anyy∈Y we have S(A∗X ,B↓)⊗B∗Y(y)≤ A↑(y).

First, realize that (13) implies{1
/

y}↓(x) = {1
/

x}↑(y), and
(14) and (15) implyA↑ = A∗X↑, B↓ = B∗Y↓. So we have

A↑(y) = A∗X↑(y) = (
[
x∈X

{A(x)∗X
/

x})↑(y) =

=
\
x∈X

{A(x)/x}↑(y) =
^
x∈X

1→{A(x)/x}↑(y) =

=
^
x∈X

A(x)∗X →{1
/

y}↓(x).

That is, in order to show S(A∗X ,B↓)⊗B∗Y(y) ≤ A↑(y), it suf-
fices to show that for anyx ∈ X,y ∈ Y it holds A(x)∗X ⊗
S(A∗X ,B↓)⊗B∗Y(y)≤ {1

/
y}↓(x), which is true. Indeed,

A(x)∗X ⊗S(A∗X ,B↓)⊗B∗Y(y)≤
≤ A(x)∗X ⊗ (A∗X (x)→ B↓(x))⊗B∗Y(y)≤
≤ B↓(x)⊗B∗Y(y)≤ B∗Y(y)⊗{B(y)/y}↓(x) =

= B∗Y(y)⊗ (1→{B(y)/y}↓(x)) =

= B∗Y(y)⊗ (B(y)∗Y →{1
/

x}↑(y))≤ {1
/

x}↑(y) =

= {1
/

y}↓(x).

2

Theorem 5 If mappings↑ : LX → LY and↓ : LY → LX satisfy
S(A∗X ,B↓) = S(B∗Y ,A↑) then we have

(i) A∗X ⊆ A↑↓ and B∗Y ⊆ B↓↑;

(ii) S(A1,A2)∗X ≤ S(A∗X
1 ,A∗X

2 )≤ S(A↑∗Y
2 ,A↑1), and

S(B1,B2)∗Y ≤ S(B∗Y
1 ,B∗Y

2 )≤ S(B↓∗X
2 ,B↓1);

(iii) A1 ⊆ A2 implies A↑∗Y
2 ⊆ A↑1, and

B1 ⊆ B2 implies B↓∗X
2 ⊆ B↓1;

(iv) a∗X →{b
/

y}↓(x) = b∗Y →{a
/

x}↑(y);

(v) {1
/

x}↑(y) = {1
/

y}↓(x);

(vi) {a
/

x}↑(y) = a∗X →{1
/

y}↓(x) = a∗X →{1
/

x}↑(y);

(vii) {b
/

y}↓(x) = b∗Y →{1
/

x}↑(y) = b∗Y →{1
/

y}↓(x);

(viii) if a ∗X = a∗Y then{a
/

x}↑(y) = {a
/

y}↓(x);

(ix) {a∗X
/

x}↑(y) = {a
/

x}↑(y) and

{b∗Y
/

y}↓(x) = {b
/

y}↓(x).

Proof. (i) holds iff S(A∗X ,A↑↓) = 1 which is true since
S(A∗X ,A↑↓) = S(A↑∗Y ,A↑) = 1; similarly for ↓;

(ii): using (i) we have S(A1,A2)∗X ≤ S(A∗X
1 ,A∗X

2 ) ≤
S(A∗X

1 ,A↑↓2 ) = S(A↑∗Y
2 ,A↑1); similarly for ↓;

(iii) follows from (ii);
(iv): we have

a∗X →{b
/

y}↓(x) = S({a∗X
/

x},{b
/

y}↓) =

= S({b
/

y}∗Y ,{a
/

x}↑) = S({b∗Y
/

y},{a
/

x}↑) =

= b∗Y →{a
/

x}↑(y)

(v)–(viii) follows from (iv);
(ix) follows from (vi), (vii). 2

Remark Since S(A∗X ,B↓) = S(B∗Y ,A↑) is true for↑ and↓ in-
duced byI (see Theorem 3 (iv)), all assertions of Theorem 5
are true for↑ and↓.

2.3 Axiomatization: Galois connections with hedges

Definition 6 A Galois connection with hedges∗X and ∗Y

between sets X and Y is a pair〈∗X ,∗Y〉 of mappings↑ :
LX → LY and↓ : LY → LX satisfyingS(A∗X ,B↓) = S(B∗Y ,A↑),
(
S

i∈I A∗X
i )↑ =

T
i∈I A↑i , and(

S
i∈I B∗Y

i )↓ =
T

i∈I B↓i .

Remark It follows from Theorem 3 that mappings↑ and↓ in-
duced by (11) and (12) form a Galois connection with hedges
∗X and∗Y.

In what follows, we denote the mappings induced by (11)
and (12) by↑I and↓I .

Lemma 7 Let 〈↑,↓〉 form a Galois connection with hedges∗X

and ∗Y. Then there exists anL -relation I ∈ LX×Y such that
〈↑,↓〉= 〈↑I ,↓I 〉.

Proof. IntroduceI by

I(x,y) = {1
/

x}↑(y) = {1
/

y}↓(x)

which is correct due to Theorem 5. Take anyA∈ LX. We have

A↑(y) = A∗X ↑(y) = (
[
x∈X

{A∗X (x)/x})↑(y) =

= (
[
x∈X

{A(x)/x}∗X )↑(y) = (
\
x∈X

{A(x)/x}↑)(y) =

=
^
x∈X

{A(x)/x}↑(y) =
^
x∈X

A(x)∗X →{1
/

x}↑(y) =

=
^
x∈X

A(x)∗X → I(x,y) = A↑I (y),

i.e. ↑ = ↑I . The proof of↓ = ↓I is similar. 2

Lemma 7 says that each Galois connection with hedges is
induced by some fuzzy relation. The following theorem shows
that for a given hedges∗X and∗Y, the relationship between
Galois connections with∗X and∗Y, and fuzzy relations is a
bijection.



Theorem 8 Let I be anL -relation between X and Y,〈↑,↓〉 be
a Galois connection with hedges∗X and∗Y. Then

(i) 〈↑I ,↓I 〉 is a Galois connection with hedges∗X and∗Y;

(ii) I 〈↑,↓〉 defined as in the proof of Lemma 7 is anL -relation
between X and Y and we have

(iii) 〈↑,↓〉= 〈↑I〈↑,↓〉 ,
↓I〈↑,↓〉 〉 and I = I〈↑I ,↓I 〉.

Proof. By Theorem 3, Theorem 5, and Lemma 7 it suffices
to proveI = I〈↑I ,↓I 〉. We have

I〈↑I ,↓I 〉(x,y) = {1
/

x}↑I (y) =

=
^
z∈X

{1∗X
/

x}(z)→ I(z,y) = I(x,y).

2

2.4 Further topics

We now briefly comment on selected topics.

2.4.1 Structure ofB (X∗X ,Y∗Y , I)

The structure of ordinary concept lattices is described by the
so-called main theorem of concept lattices [11]. An analogy
in fuzzy setting describing the structure ofB (X∗X ,Y∗Y , I) is
provided in [7]. In [7], the main theorem forB (X∗X ,Y∗Y , I)
was derived by showing thatB (X∗X ,Y∗Y , I) is isomorphic to
some ordinary concept lattice. Among other things, this “re-
duction” enables us to use algorithms for concept lattices for
the problem of computingB (X∗X ,Y∗Y , I). A direct proof of
the main theorem forB (X∗X ,Y∗Y , I) remains an open prob-
lem (an interesting one since it may suggest new insight).

2.4.2 Closure structures

Unlike the case of fuzzy Galois connections without hedges
(see [1]), the compositions of Galois connections with hedges
are not fuzzy closure operators. For instance, we have only
A∗X ⊆ A↑↓ andB∗Y ⊆ B↓↑, and notA⊆ A↑↓ andB⊆ B↓↑ in
general (see above). It remains an open problem to study map-
pings satisfying the properties of the composed mappings↑↓

and↓↑. Note that in the ordinary case, i.e.L = 2, mappings
of the form↑↓ and↓↑ are exactly all the closure operators onX
andY, respectively.

2.4.3 Nesting of concept lattices

The following fact is remarkable and worth of further inves-
tigation. If we take∗X equal the identity onL, and take
two hedges∗1 and ∗2 such that∗1 is stronger than∗2 (i.e.
a∗1 ≤ a∗2 for eacha∈ L) thenB (X∗X ,Y∗1, I)⊆B (X∗X ,Y∗2, I)
(we omit proof). However, for∗X other than the identity,
B (X∗X ,Y∗1, I)⊆ B (X∗X ,Y∗2, I) need not be the case.

glob.  L1  L2  L3

0

0.25

0.5

0.75

1

iden.

Figure 1: Truth stressers

small large far near
Mercury 1 0 0 1

Venus 0.75 0 0 1
Earth 0.75 0 0 0.75
Mars 1 0 0.5 0.75

Jupiter 0 1 0.75 0.5
Saturn 0 1 0.75 0.5
Uranus 0.25 0.5 1 0.25

Neptune 0.25 0.5 1 0
Pluto 1 0 1 0

Table 1: Data table with fuzzy attributes

2.4.4 Automatic generation of statements

In case of Galois connections with hedges, we often work with
assertions which are inequalities of the formA... ⊆ A... (and
dually for B), where “. . .” stand for sequences of⇑, ⇓, and∗.
We designed a computer program to find proofs of these as-
sertions automatically. A database of 375 assertions (with the
proofs attached) can be found at

http://vychodil.inf.upol.cz/res/devel/aureas .

The general inference engine is still under construction and
will be available soon at the same Internet address.

3 EXAMPLES AND EXPERIMENTS

Consider a five-element Łukasiewicz chainL such thatL =
{0,0.25,0.5,0.75,1}, ⊗ and→ given by (6). ForL , there are
five truth-stressing hedges satisfying (2)–(5). That is, except
for globalization and identity, there are three nontrivial hedges
which will be denoted by Ł1, Ł2, Ł3, see Fig. 1. The number
of truth-stressing hedges defined on a finite chain depends on
the chosen adjoint operations. For instance, for five-element
Gödel chain there are eight hedges satisfying (2)–(5).

80 % gl. Ł1 Ł2 Ł3 id.
gl. 16 31 32 32 32
Ł1 85 120 121 121 180
Ł2 84 107 107 108 108
Ł3 299 337 337 338 501
id. 560 928 637 951 1512

55 % gl. Ł1 Ł2 Ł3 id.
gl. 12 27 31 31 31
Ł1 53 89 92 93 150
Ł2 66 95 99 100 100
Ł3 146 186 190 191 410
id. 212 448 271 540 1148

30 % gl. Ł1 Ł2 Ł3 id.
gl. 9 17 21 22 22
Ł1 26 48 52 53 78
Ł2 33 54 58 59 59
Ł3 48 72 77 77 181
id. 59 137 91 201 425

5 % gl. Ł1 Ł2 Ł3 id.
gl. 4 7 7 8 8
Ł1 8 14 15 15 17
Ł2 9 15 16 16 16
Ł3 10 16 17 17 31
id. 11 21 18 32 52

Table 2: Average number of clusters



gl. Ł1 Ł2 Ł3 id.

gl.

Ł1

Ł2

Ł3

id.

Figure 2: Concept lattices generated from data in Table 1 by
all combinations of truth stressers∗X and∗Y from Fig. 1.

Let 〈X,Y, I〉 be given by Table 1. The setX of object con-
sists of objects “Mercury”, “Venus”, . . . , setY contains four
attributes: size of the planet (small / large), distance from the
sun (far / near). Since we have five hedges onL , ∗X and∗Y

can be defined in 25 possible ways. Each couple∗X and∗Y in-
duces a couple of operators↑ and↓. If both∗X and∗Y are iden-
tities then the resulting concept lattice consists of 216 clusters
(formal concepts), while if∗X and∗Y are globalizations, the
concept lattice consists of 8 clusters. These are two borderline
cases. Concept lattices resulting by all the possible choices of
∗X and∗Y are depicted in Fig. 2 (rows and columns correspond
to the choice of∗X and∗Y, respectively).

Table 2 contains a summary of average number of clusters
in randomly generated data tables according to the density of
input data tables: randomly generated tables have 40 objects, 5
attributes,L is the same structure of truth degrees as in the pre-
vious example, and the density of the generated tables varies
from 5 % to 80 %. As one can see, the reduction of concept
lattices using hedges as a parameter is smooth.
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[14] Krajči S.: Cluster based efficient generation of fuzzy
concepts.Neural Network World5(2003), 521–530.

[15] Ore O.: Galois connections.Trans. AMS55(1944), 493–
513.

[16] Pollandt S.: Fuzzy Begriffe. Springer-Verlag,
Berlin/Heidelberg, 1997.

[17] Takeuti G., Titani S.: Globalization of intuitionistic set
theory.Annal of Pure and Applied Logic33(1987), 195–
211.

[18] Yahia S., Jaoua A.: Discovering knowledge from fuzzy
concept lattice. In: Kandel A., Last M., Bunke H.:Data
Mining and Computational Intelligence, pp. 167–190,
Physica-Verlag, 2001.


