Chapter 16

Fuzzy Logic in Computer Science
Radim Belohlavek, Rudolf Kruse, and Christian Moewes

What Is Fuzzy Logic?
Motivation
To understand fuzzy logic, it is essential to recall the basic motivation that led to its
emergence. This motivation, articulated in various forms in the early papers on fuzzy
logic by Zadeh (1965, 1973), can briefly be described as follows. Classical logic is
appropriate for a formalization of reasoning that involves bivalent propositions such
as “5 is a prime number”, “age of Jan is 9”, or “if x is a positive integer and y ¼ x þ 1
then y is a positive integer”, i.e., propositions which may in principle be true or false.
In a similar way, classical sets are appropriate for representing collections (of objects)
that have sharp, clear-cut boundaries, such as “the collection of all prime numbers
less than 100” or “the collection of all U.S. Senators as of September 1, 2010”. For
any such collection, an arbitrary given object either is or is not a member of it.
Most propositions which people use to communicate information about the outer
world are not bivalent. Such propositions are true to a certain degree, rather than
being true or false only. As an example, “it is hot outside” is a proposition whose
truth depends on the outside temperature. According to our intuition, the higher the
temperature, the truer the proposition. To require that the proposition be bivalent
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means to require the existence of a particular value, t, such that the proposition is
true if the actual temperature is larger than or equal to t and false if the actual
temperature is smaller than t. This means that if the actual temperature is, say,
t  0. 01, we consider the proposition false, while if it is t + 0. 01, we consider the
proposition true. Therefore, if the proposition “it is hot” is regarded as bivalent, an
arbitrarily small change in the outside temperature can change its truth value from
false to true and vice versa. Needless to say, this contradicts our intuition and the
way we use propositions such as “it is hot outside”.
Likewise, most collections of objects to which people refer when communicating information do not have sharp, clear-cut boundaries. The membership of objects
in such collections is a matter of degree, rather than being a member or not being a
member only. The point is well illustrated by a quote from Zadeh’s seminal
paper (Zadeh 1965):
More often than not, the classes of objects encountered in the real physical world do not
have precisely defined criteria of membership. For example, the class of animals clearly
includes dogs, horses, birds, etc. as its members, and clearly excludes objects as rocks,
fluids, plants, etc. However, such objects as starfish, bacteria, etc. have an ambiguous status
with respect to the class of animals. The same kind of ambiguity arises in the case of a
number such as 10 in relation to the “class” of all real numbers which are much greater
than 1.
Clearly, the “class of all real numbers that are much greater than 1,” or “the class of
beautiful women,” or “the class of tall men” do not constitute classes or sets in the usual
mathematical sense of these terms. Yet, the fact remains that such imprecisely defined
“classes” play an important role in human thinking . . .
The purpose of this note is to explore in a preliminary way some of the basic properties
and implications of a concept which may be of use in dealing with “classes” of the type
cited above. The concept in question is that of a fuzzy set, that is a “class” with a continuum
of grades of membership.

Since most propositions about the outer world are not bivalent, classical logic is
inadequate to formalize reasoning that involves such propositions. Likewise, since
most collections referred to in human communication do not have sharp boundaries,
classical sets are inadequate to represent such collections. The main aim of fuzzy
logic is to overcome the above-described inadequacies of classical logic and
classical sets.

Graded Approach
The principal idea employed by fuzzy logic is to allow for a partially ordered scale
of truth values, called also truth degrees, which contains the values representing
false and true but possibly also other, intermediary truth degrees. That is, the twoelement set {0, 1} of truth values of classical logic, where 0 and 1 represent false
and true, respectively, is replaced in fuzzy logic by a partially ordered scale of
truth degrees with the smallest degree being 0 and the largest one being 1. This
is known as the graded approach. An important example of such scale is the
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interval [0, 1] of real numbers. A degree from a given scale (e.g., the number 0.9
from [0, 1]) that is assigned to a proposition is interpreted as the degree to which the
proposition is considered true. For the proposition “it is hot outside”, the higher the
outside temperature, the higher the truth degree assigned to this proposition. If 0.9 is
assigned to this proposition, it indicates that we consider it being almost hot outside
but not completely hot. On the other hand, assigning 0.3 to the same proposition
indicates that we consider it being somewhat warm outside but not much. In a
similar spirit, scales of truth degrees are used in fuzzy sets to represent degrees to
which a given object is a member of a collection with non-sharp boundary. For
example, if 0.8 and 0.9 represent degrees to which John and Paul are members of
the collection of tall men, respectively, it indicates that both are considered almost
tall and that Paul is a little bit taller than John.

Controversies
It is clear from the discussion above that fuzzy logic departs from two important
traditions of science – the principle of bivalence and the principle that all scientifically relevant concepts are precise and clear-cut. This departure brought up several
fundamental issues at stake, which have been, and continue to be, an object of
controversy. Two such issues are briefly described in this section. Another one is
discussed in section “Fuzzy Logic and Probability”.
The basic idea of fuzzy logic, i.e., that propositions may have intermediary truth
degrees, represents a radical departure from one of the basic principles of classical
logic and exact sciences – the principle of bivalence, according to which every
proposition is either true or false. Various ramifications of admitting intermediary
truth degrees have been examined in a number of papers, see Smith (2009) for
numerous references. Some of the papers pose interesting problems and challenges
for fuzzy logic. Quite often, however, the authors of the critical papers are not familiar
enough with the principles of fuzzy logic and their analyzes are based on various types
of misunderstanding and misconception. Among the critiques of fuzzy logic is a
number of attempts to prove that fuzzy logic leads to counterintuitive results and
even to contradictions. The best known such critique are Elkan’s papers
(Elkan 1993, 1994), the second of which appeared in a special issue of IEEE Expert
along with responses to it. The central claim of Elkan’s critique was that “as a formal
system, a standard version of fuzzy logic collapses mathematically to two-valued
logic.” This claim is the content of two theorems presented in Elkan (1993, 1994).
In both cases, proofs of the theorems are quite long. Since it is common to take the
length of a proof as a measure of profundity of the proven theorem, Elkan’s theorems
may look on the surface as quite profound. However, a close examination of the
theorems demonstrates the contrary. Namely, Belohlavek and Klir (2007) present
short proofs of both theorems and by using these proofs they show that axioms upon
which Elkan’s theorems are based define formal systems that are strange to fuzzy logic
and are not capable of dealing with fuzziness.
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The second controversy relates to a long-standing tradition in science according
to which all scientifically relevant concepts are precise and clear-cut. Contrary to
this tradition, fuzzy logic claims to provide us with a mathematical tools to model
and process concepts that are not clear-cut. Namely, fuzzy logic uses scales of truth
values to capture the meaning of propositions and collections which involve nonclear-cut concepts such as “hot”, “tall”, and the like. To capture the meaning of such
terms, referred to as vague terms, in an appropriate way is quite an intricate issue.
This brings up an important question whether the approach of fuzzy logic, based on
scales of truth degrees, is appropriate. Such question is very complex and has many
facets, ranging from philosophy and mathematics to psychology and cognitive
science. Thus far, this question has not been decisively answered and is currently
a subject of discussion (van Deemter 2010; Smith 2009). Nevertheless, the use of
fuzzy logic is supported by at least the following three arguments. First, fuzzy logic
is rooted in the intuitively appealing idea that the truth of propositions used by
humans is a matter of degree. An important consequence is that the basic principles
and concepts of fuzzy logic are easily understood. Second, fuzzy logic has led to
many successful applications, including many commercial products, in which the
crucial part relies on representing and dealing with statements in natural language
that involve vague terms. Third, fuzzy logic is a proper generalization of classical
logic and, follows an agenda similar to that of classical logic, and has already been
highly developed. An important consequence is that fuzzy logic extends the rich
realm of applications of classical logic by applications in which the bivalent
character of classical logic is a limiting factor.

Fuzzy Logic and Probability
Ever since the publication of (Zadeh 1965), the relationship between fuzzy logic
and probability theory has been an object of another controversy. The various facets
of this relationship have been discussed in many papers, including those contained
in the special issues of Computational Intelligence (Vol. 4, No. 2, 1988), IEEE
Transactions on Fuzzy Systems (Vol. 2, No. 1, 1994), and Technometrics (Vol. 37,
No. 3, 1995). An extensive discussion on this topic comes as no surprise because
both fuzzy logic and probability address the phenomenon of uncertainty and both
use the real unit interval [0, 1]. The central questions of the debate include:
How does fuzzy logic relate to probability theory?
Is uncertainty the same as randomness?
Does the notion of probability exhaust all our notions of uncertainty?
The earliest paper discussing the relationship between fuzzy logic and probability
is (Loginov 1966) in which the author suggests that membership degrees of fuzzy
sets may be interpreted as conditional probabilities. This or a similar view has later
been adopted by many people. Several leading researchers, including
Cheeseman (1988a,b) and Lindley (1987), were repeatedly criticizing fuzzy logic
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on the ground that probability methods alone, and Bayesian methods in particular,
are sufficient for representation and management of any type of uncertainty. As an
illustration, the following is a quote from (Lindley 1987):
The only satisfactory description of uncertainty is probability. By this I mean that every
uncertainty statement must be in the form of a probability; that several uncertainties must
be combined using the rules of probability; and that the calculus of probabilities is adequate
to handle all situations involving uncertainty. . . . We speak of “the inevitability of
probability.”

In Sect. 16, Lindley concludes:
. . . probability is the only sensible description of uncertainty and is adequate for all
problems involving uncertainty. All other methods are inadequate. . . . My challenge that
anything that can be done with fuzzy logic, . . . , or any other alternative to probability, can
better be done with probability, remains.

On the other hand, it has been pointed out many times, see e.g., (Klir 1989) and
(Kosko 1990), that fuzzy logic studies a type of uncertainty that is fundamentally
different from that studied by probability theory. As an example, take the proposition “Peter is a tall man.” As explained above, fuzzy logicians consider this as a
many-valued (fuzzy) proposition, i.e., a proposition whose truth degree may be any
degree from [0, 1] (or from another appropriate scale of truth degrees). The higher
the degree, the truer the proposition. The graded nature of such propositions reflects
the graded nature of human concepts such as the concept of a tall man. Note that the
graded nature of human concepts was confirmed by many experiments in the
psychology of concepts (Belohlavek and Klir 2011). Considering the proposition
“Peter is a tall man.” as a bivalent proposition (yes-or-no proposition) is inadequate.
For example, the question “Is the proposition true, but answer ‘yes’ or ‘no’ only?”,
is inappropriate because it distorts the meaning of the concept of a tall man, namely
it distorts its fuzziness. When probability theorists suggest that truth degrees of
propositions are (conditional) probabilities, they assume that the propositions
themselves are bivalent and that the truth degree measures a person’s (subjective)
uncertainty of whether the proposition is true, i.e., whether the truth degree of the
proposition is 1. Clearly, this view is very different from the view of fuzzy
logicians. Because fuzzy propositions are considered bivalent in this view, the
view is considered fundamentally inadequate by fuzzy logicians.
The above considerations point to the fact that fuzzy logic and probability study
different types of uncertainty, that these types are complementary and are both
important in human action. Hence, fuzzy logic and probability theory should be
looked at as complementary rather than competitive theories. This situation was
recognized in an early paper by Zadeh (1968). In order to extend the applicability of
probability theory to account for fuzzy events such as “high inflation rate”, Zadeh
proposed to generalize the concept of a probability space by allowing events to be
fuzzy sets rather than ordinary sets of elementary events. The need for extensions of
probability theory that take into account fuzziness of natural language expressions,
which is particularly emphasized by the demand for natural language interfaces in
web search, has recently been pointed out in several papers by Zadeh (2002, 2006).
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In (Zadeh 2002) the following examples of simple problems are presented for
which probability theory does not provide solutions:
Most Swedes are tall. Most Swedes are blond. What is the probability that a Swede
picked at random is tall and blond?
Usually Robert returns from work at about 6 p.m. What is the probability that he is
home at 6:30 p.m.?
A box contains about 20 balls of various sizes. A few are small and several are
large. What is the probability that a ball drawn at random is neither large nor
small?
In view of these examples, it becomes apparent that to base probability theory on
bivalent logic results in a fundamental limitation and that, naturally, probability
theory should be based on fuzzy logic. Such a conclusion presents a serious
challenge for research in the foundations of probability theory.

Various Meanings of “Fuzzy Logic”
The term “fuzzy logic”, coined by Goguen (1968), is used in several meanings.
In its common-sense meaning, the term refers to formal and informal principles and
methods of reasoning that involve vaguely defined concepts (concepts without
clear-cut boundaries) that are based on the graded approach.
Two other meanings are frequently used, fuzzy logic in the narrow sense and
fuzzy logic in the broad sense. Fuzzy logic in the narrow sense, called also
mathematical fuzzy logic (Hájek 2006), develops deductive systems of logic very
much in the style of classical mathematical logic. When the term fuzzy logic is used
in the broad sense, it refers to an attempt to emulate human reasoning in natural
language and includes aspects that are beyond the usual scope of mathematical
logic. Fuzzy logic in the narrow and broader sense are discussed in more detail in
section “Fuzzy Logic as Logic”.

Basic Concepts of Fuzzy Logic
Truth Degrees and Truth Functions of Logical Connectives
As mentioned above, fuzzy logic uses a scale, denoted here by L, of truth degrees.
A common choice for L is [0, 1] (real unit interval) and unless stated otherwise, we
assume L ¼ [0, 1] throughout this section. In general, L is usually assumed to be a
complete lattice bounded by 0 and 1. As in classical logic (where L ¼ { 0, 1}), the
scale needs to be equipped with (truth functions of) logical connectives such as
conjunction, implication, etc. Unlike classical logic, where there truth functions are

16

Fuzzy Logic in Computer Science

391

simply derived from the use of connectives in language and are unique (form
example, “’ and c” is true if and only if both ’ and c are true), fuzzy logic does
not have unique truth functions of logical connectives. Namely, if there is no
obvious way to define the truth degree of proposition “’ and c” given that the
truth degree of ’ and c are 0.7 and 0.8, respectively. Therefore, rather than defining
a particular truth function of conjunction (“the right function”), fuzzy logic accepts
as appropriate any truth function which satisfies certain conditions that come from
intuitive requirements as well as from particular application contexts. For example,
a truth function  of conjunction is a binary function  : L L ! L which needs to
satisfy at least the following conditions:
a1  a2 and b1  b2 implies a1  b1  a2  b2 ;
a  b ¼ b  a;
a  ðb  cÞ ¼ ða  bÞ  c;
a  1 ¼ 1  a ¼ a; a  0 ¼ 0  a ¼ 0;

(monotonicity)
(commutativity)
(associativity)

(boundary conditions)

which are certainly intuitively appealing properties of conjunction. A function  on
L ¼ [0, 1] satisfying these conditions is called a t-norm (Klement et al. 2000). The
t-norms used in fuzzy logic are usually continuous (or at least left-continuous). The
basic continuous t-norms are G€
odel (maximum), Goguen (product), and
Łukasiewicz t-norm, which are defined as follows:
G€
odel: a  b ¼ minða; bÞ;
Goguen: a  b ¼ a  b;
Łukasiewicz: a  b ¼ maxða þ b  1; 0Þ:

(16.1)
(16.2)
(16.3)

Namely, any continuous t-norm can be obtained from the basic ones by so-called
ordinal sum (Hájek 1998; Klement et al. 2000). t-norms have been extensively
studied in the literature and various classes of t-norms, including classes of
parameterized t-norms such as a l b ¼ 1  minf1; ½ð1  aÞl þ ð1  bÞl l g for
l ∈ [0, 1) are described, e.g., in Gottwald (2001), Klement et al. (2000) and Klir
and Yuan (1995).
In general, a truth function of an n-ary logical connective is a function c : Ln ! L.
As in classical logic, further connectives such as disjunction, implication, or negation, are used in fuzzy logic. Due to limited scope we do not discuss the truth
functions of these connectives here and refer the reader e.g., to Gottwald (2001)
and Klir and Yuan (1995). An important question of a relationship between the truth
functions of logical functions, such as the relationship between conjunction and
implication, is discussed in section “Fuzzy Logic as Logic”.
In addition to the connectives mentioned so far, fuzzy logic used various other
connectives. For illustration, we mention linguistic modifiers and averaging
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functions. Modifiers are unary functions m : [0, 1] ! [0, 1] which are thought of as
the truth functions of unary connectives, called linguistic hedges Zadeh (1973, 1975),
such as “very”, “highly”, “more or less”, “somewhat”, etc. Linguistic hedges
are employed in linguistic rules such as “If temperature is very high, then . . . ”.
A simple class of modifiers is given by
ml ðaÞ ¼ al
for a ∈ [0, 1]. For a ∈ (0, 1), the modifier is an increasing function and corresponds
to linguistic hedges such as “more or less” or “somewhat”. For a ∈ (1, 1), the
modifier is a decreasing function and corresponds to intensifying linguistic hedges
such as “very” or “highly”. Averaging functions are defined as n-ary functions
c : [0, 1]n ! [0, 1] that are non-decreasing, idempotent, and usually continuous and
symmetric. Because they satisfy
minða1 ; . . . ; an Þ  cða1 ; . . . ; an Þ  maxða1 ; . . . ; an Þ
and because min and max are “the largest (truth function of) conjunction” and “the
least (truth function of) disjunction”, averaging functions are thought of as filling a
gap between conjunctions and disjunctions. As simple example is the arithmetical
average cða; bÞ ¼ aþb
2 . According to common sense, a person’s financial wealth
depends on whether his assets have good liquidity and his investments are good.
Naturally, the degree W(x) to which a person x is financially wealthy is obtained
from the degrees L(x) (good liquidity) and I(x) (good investment) by means of an
averaging function (e.g., WðxÞ ¼ LðxÞþIðxÞ
) rather than a conjunction (e.g., W(x) ¼
2
min{L(x), I(x)}) or disjunction (e.g., W(x) ¼ max{L(x), I(x)}). Note that neither the
modifiers nor the averaging functions have a counterpart in classical logic
(modifiers are degenerate in classical logic, the only one is the identity function
mapping 0 to 0 and 1 to 1; classical truth degrees cannot be averaged).

Fuzzy Sets and Fuzzy Relations
The concept of a fuzzy set generalizes the concept of a (characteristic function of a)
classical set. A fuzzy set A in a universe U is defined as a mapping A : U ! L, i.e., A
assigns to every element u from U a degree A(u) from a scale L of truth degrees,
called the degree of membership of u to A. If L ¼ [0, 1], one usually speaks of
standard fuzzy sets. Clearly, if L ¼ {0, 1}, we get the notion of a characteristic
notion of an ordinary set.
The notions and operations related to fuzzy sets include both the counterparts of
those from classical sets as well as new ones. An important example of the latter is
the concept of an a-cut, which is defined for a ∈ L and a fuzzy set A as the ordinary
subset aA of U defined by aA ¼ {u ∈ U j A(u)  a}. A fuzzy set A is uniquely
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Fig. 16.1 Concept of fuzzy set

represented by the collection {aA j a ∈ L} of all of its a-cuts and this representation
connects fuzzy sets with ordinary sets. The top part of Fig. 16.1 shows a fuzzy set
representing the concept “normal” (temperature) versus a classical set representing
the same concept. The bottom part shows three fuzzy sets, representing “cold”,
“normal”, and “hot”, and illustrates the concepts of an a-cut and support of a fuzzy
set defined as supp(A) ¼ {u ∈ U j A(u) > 0}.
Every logical n-ary connective c on L induces a corresponding n-ary operation,
defined component-wise. For example, if c is the truth function min of G€odel
conjunction, the corresponding operation, called the standard intersection of
fuzzy sets and denoted by \ , is defined by
ðA \ BÞðxÞ ¼ minðAðxÞ; BðxÞÞ:
Relations on fuzzy sets can be both ordinary relations, such as the inclusion of
fuzzy sets defined by A B if and only if A(u)  B(u) for each u ∈ U. However, one
may in general consider fuzzy versions of these relations, such as a degree of
inclusion of fuzzy sets, which play an important role in fuzzy set theory.
Fuzzy relations are defined as fuzzy sets in Cartesian products. For example, a
binary relation between sets U and V is a mapping R : U  V ! L with R(u, v) being
interpreted as a degree to which u is related to v. Among the several types of fuzzy
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relations used in applications, fuzzy equivalences (called also similarity relations)
are perhaps the most important. A fuzzy relation E : U U ! L is called a fuzzy
equivalence if the following conditions generalizing the ordinary reflexivity, symmetry, and transitivity hold true:
Eðu; uÞ ¼ 1;
Eðu; vÞ ¼ Eðv; uÞ;
Eðu; vÞ  Eðv; wÞ  Eðu; wÞ;
where  is a truth function of conjunction.
Various particular types of fuzzy sets and fuzzy relations are used in applications
of fuzzy logic and were studied in the literature. Due to lack of space we omit
details and refer the reader to numerous books on fuzzy sets and their applications,
e.g., to Belohlavek (2002), Gottwald (2001), Klir and Yuan (1995) and Kruse
et al. (1994).

Fuzzy Logic as Logic
Is there any logic in “fuzzy logic”, i.e., is it possible to develop a deductive system
for reasoning which involves degrees of truth? What are the corresponding concepts
of consequence, provability, completeness and what properties do they have? As
was mentioned in section “What Is Fuzzy Logic?”, these question are addressed by
fuzzy logic in the narrow sense. This section provides an introduction to the basic
concepts involved.

Fuzzy Logic as Many-Valued Logic
Logics with more than two truth values, so-called many-valued logics, were studied
in the field of mathematical logic since 1930s, see e.g., Gottwald (2001). Fuzzy
logic can be considered a particular many-valued logic whose agenda is driven by
the interpretation of truth values as truth degrees. Fuzzy logic uses many-valued
counterparts of logical connectives of classical logic, as was discussed in section “Truth Degrees and Truth Functions of Logical Connectives”. In addition,
fuzzy logic is truth functional. That is, if k’k and kck denote the truth degrees of
formulas ’ and c, the truth degree k’&ck of the conjunction of ’ and c is
determined by
k’ &ck ¼ k’k  kck

(16.4)

where  is a truth function of conjunction; and the same for other connectives.
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Since in fuzzy logic, there are many possible choices of the truth functions of
logical connectives (section “Truth Degrees and Truth Functions of Logical
Connectives”), it is important to ask which combinations of truth functions are
appropriate. An important argument regarding the choice of the truth functions of
conjunction and implication comes from Goguen (1968) who showed that this
question is connected to the rule of modus ponens. In particular, if one wants to
have a good rule of modus ponens (yielding as much as possible but still sound), the
truth functions  of conjunction and ! of implication need to satisfy
a  b  c if and only if a  b ! c;

(16.5)

called the adjointness condition. For example, if  is a continuous (or even a leftcontinuous) t-norm, the unique ! satisfying (16.5), called the residuum of  , is
given by
a ! b ¼ supfz j a  z  bg:
In particular, the residua of G€
odel, Goguen, and Łukasiewicz t-norms,
see (16.1)–(16.3), are given by
(
1
if a  b;
G€
odel : a ! b ¼
b
otherwise,

1
if a  b;
Goguen : a ! b ¼ b
otherwise,
a
Łukasiewicz: a ! b ¼ minð1  a þ b; 1Þ:

Ordinary-Style Calculi
Two basic types of fuzzy logical calculi can be distinguished. The first one are called
ordinary-style calculi. Except for the fact that they allow more than two truth
degrees, their its agenda is practically the same as that of classical logic. For
example, formulas are defined as usual (starting from atomic formulas and applying
logical connectives), a theory is a set of formulas, a proof from a theory T is a
sequence of formulas which are either from T or result by application of a deduction
rule to preceding formulas, etc. Due to truth functionality, the truth degree of a
formula is defined as usual, cf. (16.4), given that particular structure L of truth
degrees is chosen, i.e., a set L of truth degrees and truth functions of logical
connectives from the language of the particular logical calculus. A tautology w.r.t.
a class ℒ of structures of truth degrees if for every structure L ∈ ℒ, ’ has truth
degree 1 for every evaluation using truth degrees and logical connectives from L.
To illustrate ordinary-style completeness, consider the completeness theorem of
propositional BL-logic Hájek (1998) that was proved in Cignoli et al. (2000).
Given the axioms of BL-logic, the following conditions are equivalent for
any formula ’:
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1. ’ is provable.
2. ’ is a tautology w.r.t. the class of algebras which consist of [0, 1], a continuous
t-norm, and its residuum.
3. ’ is a tautology w.r.t. the class of BL-algebras (particular lattices equipped with
operations  and ! , the algebraic counterparts of BL-logic).
For more information we refer to Gottwald (2001) and Hájek (1998).

Graded-Style (Pavelka-Style) Calculi
Graded-style calculi were introduced in a seminal paper by Pavelka (1979). Unlike
ordinary-style calculi, the graded-style calculi works with formulas to which truth
degrees are “attached”. A pair 〈’, a〉 carries a syntactical information that formula
’ be true to degree at least a. For example, a theory is a set consisting of such pairs
〈’, a〉 which specify that ’ is assumed to be true to degree at least a. A deductive
rule has two components, one working on formulas, the other working on truth
degrees. For example, the rule of modus ponens applied to 〈’ ) c, a〉 and 〈’, b〉
yields a pair 〈c, a  b〉 and reads as follows: If ’ ) c and ’ are true to degree at
least a and b, respectively, c is true to degree at least a  b. One then introduces the
concept of a degree | ’ | T to which formula ’ is provable from theory T (supremum
of as over all 〈’, a〉 which can be obtained from the axioms and T using deduction
rules) and the concept of a degree k’kT to which ’ is (semantically) entailed by T
(infimum of truth degrees of ’ in all models of T). A completeness theorem then
says
j’jT ¼ k’kT ;
i.e., degree of probability equals degree of entailment. For further information
including various particular graded-style calculi we refer to Belohlavek and
Vychodil (2005, 2006), Gerla (2001) and Hájek (1998).

Fuzzy Logic in a Broad Sense
Note that from a general viewpoint of logic as a discipline studying human reasoning,
fuzzy logic in the broad sense also fits the picture of fuzzy logic as logic. As mentioned
in section “What Is Fuzzy Logic?”, fuzzy logic in the broad sense attempts to emulate
human reasoning. Conceptually, fuzzy logic in the broad sense is being developed in
numerous papers by Zadeh (1973, 1975, 1979, 2006, 2008). Parts of fuzzy logic in
the broad sense are highly developed and have numerous applications, for example
the rule-based systems employed in fuzzy control, discussed in sections “Fuzzy
Logic and Control” and “Success of Mamdani Control in Automobile Industry”.
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Note however, that traditional logical aspects of logic are as a rule of little concern in
those developments, but see Hájek’s chapter on logical analysis of the compositional
rule of inference in (Hájek 1998) and also (Novák et al. 1999). From this point of view,
fuzzy logic in the broad sense is at an early stage of development.

Fuzzy Logic and Control
The biggest success of fuzzy logic in the field of industrial and commercial
applications has been achieved with fuzzy controllers. Fuzzy control is a way of
defining a nonlinear table-based controller whereas its nonlinear transition function
can be defined without specifying every single entry of the table individually. Fuzzy
control does not result from classical control engineering approaches. In fact, its
roots can be found in the area of rule-based systems. Fuzzy controllers simply
comprise a set of vague rules that can be used for knowledge-based interpolation of
a vaguely defined function.
Suppose we consider a technical system. For this system, we dictate a desired
behavior. Generally a time-dependent output variable must reach a desired set
value. The output is influenced by a control variable which we can manipulate.
Finally, there exists a time-dependent disturbance variable that influences the
output as well. The current control value is usually determined based on the current
measurement values of the output variable x, the variation of the output Dx ¼ dx
dt
and further variables.
Hereafter we will refer to input variables x1 ∈ X1, . . . , xn ∈ Xn and one control
variable  ∈ Y. The solution of a control problem is a suitable control function ’ : X1
. . . Xn ! Y that determines an appropriate control value y ¼ ’(x) for every input
tuple x ¼ (x(1), x(2), . . . , x(n)) ∈ X1 . . . Xn. In classical control engineering, ’ is
commonly determined by solving a set of differential equations. It is very often out
of the question to specify an exact set of differential equations. Note that human
beings, however, are greatly able to control certain processes without knowing
about higher mathematics.
Simulating the behavior of a human “controller” can be done by questioning the
individual directly. An alternative would be extract essential information by
observing the controlled process. The result of such knowledge-based analysis is
a set of linguistic rules that control the process. Linguistic rules comprise a premise
and a conclusion. The former relates to a fuzzy description of the crisp measured
input, where the latter defines a suitable fuzzy output. Thus we need to formalize
mathematical descriptions of the linguistic expressions used in the rules. Furthermore initialized rules need to be accumulated to result in one fuzzy output
value. Finally, a crisp output value must be computed from the fuzzy one.
The whole architecture for that knowledge-based model of a fuzzy controller is
shown in Fig. 16.2.
The fuzzification interface operates on the current input value x0. If needed, x0 is
mapped into a suitable domain, e.g., normalization to the unit interval. It also
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Fig. 16.2 Architecture of a fuzzy controller

transforms x0 into a linguistic term or fuzzy set. The knowledge base comprises the
data base, i.e., all pieces of information about variable ranges, domain
transformations, and the fuzzy sets with their corresponding linguistic terms.
Moreover, it also contains a rule base storing the linguistic rules for controlling.
The decision logic determines the output value of the corresponding measured input
using the knowledge base. The defuzzification interface produces the crisp output
value given the fuzzy output.
There exist two fundamentally different approaches to fuzzy control. Both of
them are motivated intuitively (see the next two sections). We will see in section “Approximate Reasoning” that a fuzzy controller based on logical implications
results in completely different methods of computation.

Mamdani-Assilian Controller
In 1975, the first model of a fuzzy controller was created by Ebrahim “Abe”
Mamdani and his student Sedrak Assilian (Mamdani and Assilian 1975). Mamdani
and Assilian developed their idea application-driven to control a steam engine
based on human expert knowledge.
Here, the knowledge of an expert must be expressed by linguistic rules. First, for
ð1Þ
ð1Þ
the set X1, p1 fuzzy sets m1 ; . . . ; mp1 2 F ðX1 Þ must be defined. Accordingly, each
fuzzy set is named with a suitable linguistic term. Second, X1 is partitioned by its
fuzzy sets. To be able to interpret each fuzzy set as fuzzy value or fuzzy interval,
it is favorable to only use unimodal membership functions. Also, fuzzy sets of one
partition should be disjoint, i.e., they satisfy
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n
n
oo
ð1Þ
ð1Þ
i 6¼ j ) sup min mi ðxÞ; mj ðxÞ
 0:5:
x2X1

ð1Þ

ð1Þ

Having divided X1 into p1 fuzzy sets m1 ; . . . ; mp1 , we partition the remaining sets
X2, . . . , Xn and Y in the same manner. Finally, these fuzzy partitions and the
linguistic terms associated with the fuzzy sets correspond to the data base in our
knowledge base.
The rule base is specified by rules of the form
if x1 is Að1Þ and . . . and xn is AðnÞ then  is B

(16.6)

whereas A(1), . . . , A(n) and B represent linguistic terms corresponding to fuzzy sets
m(1), . . . , m(n) and m, respectively, according to fuzzy partitions of X1. . . Xn and Y.
Hence the rule base comprises k control rules
ð1Þ

ðnÞ

Rr : if x1 is Ai1;r and . . . and xn is Ain;r then  is Bir ;

r ¼ 1; . . . ; k:

Remark that these rules are not regarded as logical implications. They rather define
 ¼ ’(x1, . . . , xn) piecewise where



8
Bi1
>
>
>
<
..
.
>
>
>
:
Bi k

if x1

ð1Þ

Ai1;1 and . . . and xn

ðnÞ

Ain;1 ;

..
.
if x1

ð1Þ

Ai1;k and . . . and xn

ðnÞ

Ain;k :

Since the rules are treated as disjunctive, we can say that the control function ’ is
obtained by knowledge-based interpolation.
Observing a measurement x ∈ X1. . . Xn the decision logic applies each Rr
separately. It computes the degree to which x fulfills the premise of Rr, i.e., the
degree of applicability
n
o
def
ð1Þ
ðnÞ
ar ¼ min mi1;r ðxð1Þ Þ; . . . ; min;r ðxðnÞ Þ :
(16.7)
“Cutting off” the output fuzzy set mir of rule Rr at ar leads to the rule’s output fuzzy
set:


rÞ
moðR
ðyÞ ¼ min ar ; mir ðyÞ :
x

(16.8)
oðR Þ

Having computed all ar for r ¼ 1, . . . , k, the decision logic combines all mx r
applying the t-conorm maximum in order to get the overall output fuzzy set



(16.9)
mox ðyÞ¼ max min ar ; mir ðyÞ :
r¼1; ... ;k

In control engineering, a crisp control value is needed. Therefore mox is forwarded
to the defuzzification interface. Here, it depends on the kind of method that is
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implemented to defuzzify mox . The most well-known approaches are the max
criterion method, the mean of maxima (MOM) method and the center of gravity
(COG) method. Using the first approach, simply an arbitrary value y ∈ Y is chosen
for which mox ð yÞ reaches a maximum membership degree. Picking a random value
leads to a nondeterministic control behavior which is usually undesired. The MOM
method choses the mean value of the set of elements y ∈ Y resulting in maximal
membership degrees. The defuzzified control value  might not even be in the set
which can lead to unexpected control actions. The COG method defines the value
located under the center of gravity of the area mox as control value , i.e.,
Z
¼
y2Y

mox ðyÞ  y dyÞ

=

Z
y2Y

mox ðyÞ dyÞ:

(16.10)

In most control applications, this method shows smooth control behaviors. However, it might even lead to counterintuitive results as well. For a more profound
discussion about defuzzification, see e.g., Kruse et al. (1994).
Let us conclude this type of controller by analyzing the form of linguistic rules
again. Regarding (16.8), it is clear that the minimum is used as fuzzy implication.
Obviously this does not coincide with its crisp counterpart. Just consider p ! q
knowing that p is false. Then p ! q is true regardless of the truth value of q in
classical propositional logic. However, min{0, q} is always 0. One way to justify
the heuristic of Mamdani and Assilian is to replace the concept of implication by
the one of association (Cordón et al. 1999). We say that for a rule Rr an output fuzzy
ðjÞ
set Bir is associated with n input fuzzy sets Aij;r for j ¼ 1, . . ., n. This association is
modeled by a fuzzy conjunction, e.g., the t-norm min.
We retrieve Mamdani’s heuristics by extensionality assumptions (Klawonn
et al. 1995; Klawonn and Kruse 1993). If the fuzzy relation R relating the x(j) and y
satisfies some extensionality properties, then Mamdani’s approach is derived in the
same way. Let E and E0 be two similarity relations defined on the domains X and Y of x
and y, respectively. The extensionality of R on X  Y thus means
8x 2 X : 8y; y0 2 Y : Rðx; yÞ  E0 ðy; y0 Þ  Rðx; y0 Þ;
8x; x0 2 X : 8y 2 Y : Rðx; yÞ  Eðx; x0 Þ  Rðx0 ; yÞ:

(16.11)

So, if (x, y) ∈ R, then x will be related to the neighborhood y. The same shall hold
for y in relation to x. Then Ar(j)(x) ¼ E(x, ar(j)) and Br(x) ¼ E0 (y, br) can be seen as
(j)
fuzzy sets of values
that are close

 to ar and br, respectively. Naturally,
ð1Þ

ðpÞ

8r ¼ 1; . . . ; k : R ar ; . . . ; ar Þ; br ¼ 1. The user thus only needs to define reasonable similarity relations Ej and E0 for each input xj and the output , respectively.
Then, using the extensionality properties of R, one gets


ð1Þ
ðpÞ ðpÞ
Rðxð1Þ ; . . . ; xðpÞ ; yÞ  max  Að1Þ
r ðx Þ; . . . ; Ar ðx Þ; Ar ðyÞ :
r¼1; ...; k
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If we use the t-norm  ¼ min, then Mamdani’s approach to compute the fuzzy
output is obtained. In (Boixader and Jacas 1998; Klawonn and Castro 1995)
indistinguishability or similarity is expressed as link between the extensionality
property and fuzzy equivalence relations. Fuzzy interpolation can be also seen as
logical inference given fuzzy information coming from an vaguely known function (Klawonn and Novák 1996). Likewise, in Sudkamp (1993) fuzzy rules are
obtained from set of pairs (ai, bi) and similarity relations on X and Y.

Takagi-Sugeno Controller
Takagi-Sugeno controllers (Takagi and Sugeno 1985) can be seen as modification
of Mamdani-Assilian controllers. For both controllers, we need to specify fuzzy
partitions of the input domains. However, no fuzzy partition of the output domain is
needed since the rules Rr for r ¼ 1, . . . , k are given as
ð1Þ

ðnÞ

Rr : if x1 is Ai1;r and . . . and xn is Ain;r then  ¼ f r ðx1 ; . . . ; xn Þ:
P
ð0Þ
ðiÞ
Usually the functions fr are linear, i.e., f r ðxÞ ¼ ar þ ni¼1 ar xðiÞ .
Again, the decision logic determines the degree of applicability ar of each premise
using (16.7). These degrees are directly used to determine a crisp control value
Pk
¼

ar  f r ðxÞ
Pk
r¼1 ar

r¼1

which is a weighted sum over all rules’ outputs. Hence, the defuzzification is
omitted for that type of controller.

Approximate Reasoning
So far, we have treated the linguistic rules as associations of an n-dimensional fuzzy
input point with one fuzzy output. This makes sense for control applications where
each rule defines an operating point of the system to be controlled. Another way to
interpret a fuzzy controller is to fuzzy constrain the control function by the fuzzy
rules. This can be done by interpreting the inference process as approximate
reasoning. In classical reasoning, tautologies/inference rules are used for deductive
inferences of crisp conclusions from crisp propositions. Approximate reasoning can
be seen as generalization of classical reasoning applied to fuzzy propositions.
In (Zadeh 1973), first approaches have been developed to generalize approximate
reasoning to fuzzy sets. In (Zadeh 1979, 1983), this methodology is explained in
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more detail. Using possibility distributions to represent incomplete knowledge
helps to understand the mention techniques.
Whereas fuzzy set theory is closely associated with vague concepts, the application of possibility theory (Dubois and Prade 1988) relates to the imperfect description of an existing element x0 in a set A X. Possibility theory can be seen as
counterpart to probability theory. In order to describe a possibility distribution
P : 2X ! [0, 1], the following axioms are used:
PðØÞ ¼ 0;
PðAÞ  PðBÞ if A

B and

PðA [ BÞ ¼ maxfPðAÞ; PðBÞg for all A; B

X:

P(A) ¼ 1 means that x0 ∈ A is unconditional possible. If P(A) ¼ 0 then it is
impossible that x0 ∈ A. In Zadeh (1978), uncertainty about x0 is modeled by the
possibility measure P : 2O ! [0, 1], P(A) ¼ sup{m(x) j x ∈ A} when a fuzzy set
m : x ! [0, 1] is given as only description of x0. For this special case the possibility
measure is given by the possibility degrees of the singletons, i.e., P({x}) ¼ m(x).
For simplicity consider one-dimensional input and output spaces, respectively.
Here, the choice of an appropriate two-dimensional possibility distribution is
crucial. The rule
R : if x is A then  is B
that associates the input fuzzy set mA with the output fuzzy set mB is modeled by a
possibility distribution
pX;Y ðx; yÞ ¼ IðmA ðxÞ; mB ðyÞÞ
whereas I is an implication of a multivalued logic. Hence mB ¼ mA ∘ pX, Y where pX, Y
is a fuzzy relation on X  Y. The composition of a fuzzy set m with a fuzzy relation p
is defined by
m p : Y ! ½0; 1;

y 7! sup fminfmðxÞ; pðx; yÞgg:
x2X

This is clearly a fuzzification of the composition ∘ of two crisp sets M
R X Y, i.e.,
def

M R ¼ fy 2 Y j 9x 2 X : ðx 2 M ^ ðx; yÞ 2 RÞg

X and

Y:

The task in fuzzy control based on such relational equations is to find a fuzzy
relation p that fulfills all equations mBr ¼ mAr p for every rule Rr with r ¼ 1, . . . , k. If
multiple inputs X1, . . . , Xn are used, then mA is defined on the product space X ¼ X1
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. . .  Xn as in (16.7). For each of the k relational equations, the G€
odel relation is
determined by
ðx; yÞ 2 pG
X;Y ()ðx 2 mA ! y 2 mB Þ
where the implication ! is evaluated by the G€
odel implication (see section “Fuzzy
Logic as Many-Valued Logic”). Thus a linguistic rule can be seen as gradual rule
‘The more mA, the more mB’ which constrains p by the inequality
minðmA ðxÞ; pðx; yÞÞ  mB ðyÞ
for all (x, y) ∈ X  Y. Theoretically, different fuzzy implications could be used to
describe p. However, several reasons can be found in favor for IG, e.g., Dubois and
Prade (1985, 1992).
If the system of relational equations mBr ¼ mAr p for r ¼ 1, . . ., k is solvable, then
pG ¼

k
\

pG
r ðmAr ðxÞ; mBr ðyÞÞ

r¼1

is a solution with \ being the minimum t-norm.
time this is the greatest
Y At the same
def
ðfðx; yÞgÞ ¼ pðx; yÞ gives an estimate
solution. We can say that the relation
whether it is possible that input tuple x is assigned to output value y. So, the set of
conjunctive rules imposes soft constraints on the control function ’. In practice,
these constraints may lead to contradictions if narrow output fuzzy sets with
overlapping input fuzzy sets are used. Thus the controller would output the empty
fuzzy set, i.e., no solution. It is therefore reasonable to define rather narrow fuzzy
sets for the input variables and rather broader fuzzy sets for the output.

Success of Mamdani Control in Automobile Industry
In the 1990s many real-world control applications have been greatly solved using
Mamdani’s approach. Among them are many control problems in the industrial
automobile field. The number of publications, however, is really low. Two control
applications at Volkswagen AG successfully use Mamdani’s approach, i.e., the
engine idle speed control and the shift-point determination of an automatic transmission (Schr€
oder et al. 1997). The idle speed controller is based on similarity
relations (see section “Mamdani-Assilian Controller”). This helps to view the
control function as interpolation of a point-wise known function. The shift-point
determination continuously adapts the gearshift schedule between two extremes,
i.e., economic and sporting. A sport factor is computed to individually adapt the
gearshift movements of a driver.
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Fig. 16.3 Principle of the engine idle speed control

Engine Idle Speed Control
The task is to control the idle speed of a spark ignition engine. One way is a
volumetric control where an auxiliary air regulator alters the cross-section of a
bypass to the throttle. This is depicted in Fig. 16.3.
The pulse width of the auxiliary air regulator is changed by the controller. If
there is a drop in the number of revolutions, then the controller forces the auxiliary
air regulator to increase the bypass cross-section. The air flow sensor measures the
increased air flow rate and thus notifies the controller. The new quantity for the fuel
injection must be computed. Due to a higher air flow rate, the engine yields more
torque. This again results in a higher number of revolutions which could be reduced
analogously by decreasing the bypass cross-section.
Both fuel consumption and pollutant emissions should be ultimately reduced.
This can be reached by slowing down the idle speed. However, a switching on of
certain automobile facilities, e.g., air-conditioning system, forces the number of
revolutions to drop. Hence the controller must be very flexible. More problems
involved in this control application can be found in Schr€oder et al. (1997).
Due to this motivating problem, a Mamdani fuzzy controller was developed
based on similarity relations. The resulting fuzzy controller was easier to design and
showed an improved control behavior compared to classical control approaches.
Similarity relations to represent indistinguishability or similarity of points within a
certain vicinity seems to be a natural modeling way for engineers.
In fact, indistinguishability is not produced by measurement errors or deviations.
It just expresses that arbitrary precision is not necessary to control a system. A control
expert must thus specify a set of k input-output tuples ((xr(1), . . . , xr(p)), yr).
For each r ¼ 1, . . . , k, the output value yr seems appropriate for the input (xr(1), . . . ,
xr(p)). So, the human expert defines the partial control function ’0.

16

Fuzzy Logic in Computer Science

405

Fig. 16.4 Structure of the fuzzy controller

In the 1990s the question to be answered was to compute a suitable output value
for an arbitrary input given specified similarity relations and ’0 (Schr€oder
et al. 1997). Using the extensionality properties defined in (16.11), one obtains
Mamdani’s fuzzy output directly by computing the extensional hull of ’0 given the
similarity relations. The partial control function ’0 can thus be reinterpreted as k
control rules of the form:
ðpÞ
Rr : if x1 is approximately xð1Þ
r and . . . and xp is approximately xr
then  is approximately yr :

A more profound theoretical analysis of this approach can be found in Klawonn
et al. (1995).
To control the engine idle speed controller, two input variables are needed:
1. The deviation dREV [rpm] of the number of revolutions to the set value, and
2. The gradient gREV [rpm] of the number of revolutions between two ignitions.
The only output variable is the change of current dAARCUR for the auxiliary air
regulator. The controller is shown in Fig. 16.4.
The knowledge to control the engine idle speed controller was extracted by
measurement data obtained from idle speed experiments. The partial control
mapping ’0 : X (dREV)  X(gREV) ! Y(dAARCUR) has been specified as in Table 16.1
(left-hand side).
Using a similarity relation and ’0, the fuzzy controller was defined. Its induced
control surface is shown in Fig. 16.5 as a grid of supporting points. The center of
area (COA) method has been used for defuzzification. To obtain the corresponding
Mamdani fuzzy controller, each point of ’0 was associated with a linguistic term,
e.g., negative big (nb), negative medium (nm), negative small (ns), approximately
zero (az), and so on. The obtained fuzzy partitions of all three variables are shown
in Figs. 16.6–16.8, respectively. The partial mapping ’0 was translated into linguistic rules of the form
if dREV is A and gREV is B then dAARCUR is C:
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Table 1.1 The partial control mapping ∏ 0 (left-hand side) and its corresponding fuzzy
rule base (right-hand side).

Fig. 16.5 Performance characteristics

Fig. 16.6 Deviation dREV of
the number of revolutions
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Fig. 16.7 Gradient gREV of the number of revolutions

3

4

7

-40

pm

50

pb

70

16

Fuzzy Logic in Computer Science

407

1.00
0.75
nh

0.50

nb

nm

ns

zr

5

10

15

20

ps

pm

pb

30

35

ph

0.25
0
−5

0

25

40

45

Fig. 16.8 Change of current dAARCUR for the auxiliary air regulator

The complete set of rules is given on the right-hand side of Table 16.1.
In (Klawonn et al. 1995; Schr€
oder et al. 1997) the Mamdani fuzzy controller
shows a very smooth control behavior compared to its serial counterpart. Furthermore the fuzzy controller reaches the desired set point precisely and fast. Its
behavior is robust even with slowly increasing load. Thus the number of revolutions
does not lead to any vibration even after extreme changes of load occur.

Flowing Shift-Point Determination
Conventional automatic transmissions select gears based on so-called gearshift
diagrams. Here, the gearshift simply depends on the accelerator position and the
velocity. A lagging between up and down shift avoids oscillating gearshift when the
velocity varies slightly, e.g., during stop-and-go traffic. For a standardized behavior,
a fixed diagram works well. Until 1994, the Volkswagen gear box had two different
types of gearshift diagrams, i.e., economic “ECO” and sporting “SPORT”.
An economic gearshift diagram switches gears at a low number of revolutions to
reduce the fuel consumption. A sporting one leads to gearshifts at a higher number of
revolutions. Since 1991 it was a research issue at Volkswagen AG to develop an
individual adaption of shift-points. No additional sensors should be used to observe
the driver.
The idea was that the car “observes” the driver (Schr€oder et al. 1997) and
classifies him or her into calm, normal, sportive (assigning a sport factor ∈ [0, 1]),
or nervous (to calm down the driver). A test car from Volkswagen was operated by
many different drivers. These people were classified by a human expert (passenger).
Simultaneously, 14 attributes were continuously measured during test drives.
Among them were variables like the velocity of the car, the position of the
acceleration pedal, the speed of the acceleration pedal, the kick down, or the
steering wheel angle.
The final Mamdani controller was based on four input variables and one output.
The basic structure of the controller is shown in Fig. 16.9. In total, 7 rules could be
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Fig. 16.9 Flowing shift-point determination with fuzzy logic

identified at which the antecedent consists of up to 4 clauses. The program was highly
optimized: It used 24 Byte RAM and 702 Byte ROM, i.e., less than 1 KB. The runtime
was 80 ms which means that 12 times per second a new sport factor was assigned. The
controller is in series since January 1995. It shows an excellent performance.

Fuzzy Logic and Knowledge Discovery in Databases
Knowledge discovery in databases (KDD) tries to inspect, clean, transform and
model data in large databases in order to find useful information or support decision
making. Ultimately, one tries to formulate knowledge based on pieces of information that have been discovered in databases. A single datum may describe the
condition of a certain object. It carries only information if there are at least two
different states of the condition. A datum might be seen as the realization of a
certain variable of a universe. There are different representations of a datum as it
has been measured, i.e., nominal, ordinal, interval or ratio (Stevens 1946).
The KDD process is usually performed in four stages. At the first stage, the data
are valuated and examined w.r.t. simple and essential characteristics, e.g., analysis
of frequency, reliability test, runaway, credibility. The second stage comprises
pattern matching or the grouping of observations. Usually transformations are
performed with the goal to find structures within data. At that stage, exploratory
data analysis is performed to examine the data without a previously chosen mathematical model. At the third level, data are analyzed w.r.t. one or more mathematical
models. These models can be either qualitative or quantitative. The former one is
the formation relating to additional characteristics expressed by quality, e.g.,
introduction of the term of similarity for cluster analysis. The latter type of models
tries to recognize functional relations, e.g., an approximation of regression analysis.
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At the fourth level, conclusions from the whole process are drawn and evaluated.
Also, future or missing values might be predicted. Sources of data may be combined by, e.g., data fusion. In general, the learned models are revised at that stage.
If data are vague, imprecise or inconsistent, the application of fuzzy logic to
KDD might improve results. Usually common data are analyzed by fuzzy methods
whereas some researchers also analyze fuzzy data. The most prominent approach to
fuzzy data analysis is fuzzy clustering that is introduced in section “Fuzzy Clustering”. Its successfulness in KDD might come from the fact that human beings do not
group objects based on crisp labels. We rather use some kind of fuzzy terms to
cluster things, e.g., into the group of tall people. Many everyday decisions are fuzzy
and human beings are able to handle that. Therefore an appropriate answer to the
following question is naturally important: How can a computer learn fuzzy rules
from data to explain or support decisions like people do? We describe some general
approaches to generate fuzzy rules from data in section “Fuzzy Rule Generation”.

Fuzzy Clustering
Clustering is an unsupervised learning task that tries to divide data s.t.
• Objects belonging to the same cluster are as similar as possible, and
• Objects belonging to different clusters are as dissimilar as possible.
Similarity is normally measured in terms of a distance function. The smaller the
distance, the more similar two data tuples. Here, we assume that every data tuple is
an element of the n-dimensional Euclidean space IRn.
Definition 1 (Distance function). The mapping d : IRnIRn! [0,1) is a distance
function if it satisfies the following conditions for all x,y,z ∈ IR n:

1.
2.
3.

dðx; yÞ ¼ 0 , x ¼ y
d(x, y) ¼ d(y, x)
d(x, z)  d(x, y) + d(y, z)

(identity),
(symmetry),
(triangle inequality).

Henceforth we only focus on partitioning algorithms, i.e., given a number
c ∈ IN, find the best partition of data into c groups. This is fundamentally different
from hierarchical clustering techniques where data are organized in a nested
sequence of groups (e.g., dendrograms). Usually the true number of clusters is
unknown which makes it hard to use partitioning methods. To further specify, we
concentrate on prototype-based clustering algorithms where clusters are
represented by prototypes Ci, i ¼ 1, . . . , c. The prototypes shall capture the structure/distribution of data in each cluster. They are constructed by clustering
algorithms. For simplicity, consider cluster prototypes Ci which are solely
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represented by the cluster centers ci. Furthermore, the distance measure d is based
on the inner product, e.g., the Euclidean distance
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
X
2
dðx; yÞ ¼ kx  yk2 ¼
ðxðiÞ  yðiÞ Þ :
i¼1

Every prototype-based clustering algorithm is based on an objective function J that
quantifies the goodness of the cluster model. J must be minimized to obtain optimal
clusters. The algorithms determine the best decomposition by minimizing J.
The simplest algorithm is called hard c-means or k-means clustering. Here, each
data point xj in dataset X ¼ fx1 ; . . . ; xm g; X IRn is assigned to exactly one
cluster Gi X . The set of clusters G ¼ {G1, . . . , Gc} must be an exhaustive partition
of X into c non-empty and pairwise disjoint subsets Gi, 1 < i < c. The data partition
is optimal when the sum of squared distances between cluster centers and data
points assigned to them is minimal. The clusters should be as homogeneous as
possible. The objective function of hard c-means is thus
J h ðX; U h ; CÞ ¼

c X
m
X

uij d2ij

(16.12)

i¼1 j¼1

whereas dij is the distance between ci and xj, U ¼ uij ∈ {0, 1}cm is called partition
matrix with
(
uij ¼

1
0

if xj 2 Gi ;
otherwise.

Equation 16.12 is minimized subject to the following two constraints: Each data
point is assigned exactly to one cluster, i.e.,
c
X

uij ¼ 1;

8j 2 f1; . . . ; mg:

(16.13)

i¼1

Every cluster must contain at least one data point, i.e.,
m
X

uij > 0;

8i 2 f1; . . . ; cg:

(16.14)

j¼1

Jh depends on both c and the assignment U of data points to the clusters. Finding
the parameters that minimize Jh is NP-hard. Therefore Jh is minimized by
alternating optimization (AO). The parameters to optimize are split into two
groups. One group is optimized holding the other group fixed (and vice versa).
An iterative update scheme is repeated until the algorithm converges. It cannot be
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guaranteed that a global optimum will be reached. Hence, the algorithm may get
stuck in a local minimum. The AO scheme for hard c-means first choses c initial ci,
e.g., by randomly picking c data points from X . Then, C is fixed and U is
determined that minimizes Jh. This is done by assigning each data point to its
closest cluster center, i.e.,
(
uij ¼

1

if i ¼ arg minck¼1 d kj ;

0

otherwise.

After that U is fixed and ci are updated as the mean of all xj assigned to them. The
mean minimizes the sum of square distances in Jh, i.e.,
Pm
j¼1
c i ¼ Pm

uij xj

j¼1

uij

:

Finally, both steps are repeated until no change in C or U can be observed.
The hard c-means algorithm tends to get stuck in local minimum. It is therefore
necessary to conduct several runs with different initializations (Duda and
Hart 1973). The best result of many clusterings can be chosen based on the value
of Jh. The crisp memberships uij ∈ { 0, 1} prohibit ambiguous assignments. When
clusters are badly delineated or overlapping, relaxing this requirement is needed.
This can be achieved using fuzzy clustering.
Fuzzy clustering algorithms allow gradual memberships of data points to a
cluster in [0, 1]. A data point can thus belong to more than one cluster. Consequently, the membership degrees offer finer degrees of detail and express how
ambiguously xj should belong to Gi. The clusters Gi have been classical subsets so
far. Now, they are represented by fuzzy sets mGi of X . Instantly, the cluster
assignment uij is the membership degree of xj to Gi s.t. uij ¼ mGi ðxj Þ 2 ½0; 1.
Thence, a fuzzy label vector u ¼ (u1j , . . . , ucj)T is linked to each xj. The matrix U ¼
ðuij Þ ¼ ðu1 ; . . . ; um Þ is then called fuzzy partition matrix. Two types of fuzzy cluster
partitions are known, i.e., probabilistic and possibilistic. The differ in the
constraints they place on the membership degrees. For a probabilistic cluster
partition, the constraints expressed by (16.13) and (16.14) must hold. So, no cluster
can contain the full membership of all data points. Also, the membership degrees
for a given datum resemble the probabilities of being member of a corresponding
cluster. A possibilistic cluster partition only needs to fulfill the constraint (16.13).
Here, we only focus on the former type of cluster partition. Algorithms based on the
latter one can be found in H€
oppner et al. (1999).
In order to handle fuzzy membership assignments, we must minimize the
objective function
J f ðX; U h ; CÞ ¼

c X
m
X
i¼1 j¼1

uwij d2ij

412

R. Belohlavek et al.

subject to (16.13) and (16.14). The parameter w ∈ IR with w > 1 is called fuzzifier.
The value of w determines the “fuzziness” of the grouping. For w ¼ 1 (i.e., Jh ¼ Jf),
the assignments remain hard. Only fuzzifiers w > 1 lead to fuzzy
memberships (Bezdek 1973). Thus the clusters become softer/harder with higher/
lower w. Usually w is set to 2 in most applications. The function Jf is alternately
optimized, i.e., first optimizing U for fixed cluster parameters U t ¼ jU ðCt1 Þ, then
optimizing C for fixed membership degrees Ct ¼ jC(Ut). The update formulas can be
determined by setting the derivative of Jf w.r.t. U and C to zero. The resulting
equations form the fuzzy c-means (FCM) algorithm. The membership degrees are
chosen according to Bezdek (1981)
2

uij ¼

Pc
k¼1

1


d 2ij
d2kj

1
w1

¼P

d ij1w
2

c
1w
k¼1 d kj

which is independent of the chosen distance measure. For the basic FCM model
With the second step of the AO scheme, the derivations of Jf w.r.t. the centers
yield (Bezdek 1981)
Pm
j¼1
ci ¼ Pm

um
ij xj

j¼1

um
ij

:

Like hard c-means, FCM can be initialized with randomly placed cluster centers.
Updating in the AO scheme can be stopped if the number of iterations t exceeds
some predefined tmax or if changes in the prototypes are smaller than some termination accuracy. FCM is stable and robust. Compared to hard c-means, it is quite
insensitive to the initialization and not likely to get stuck in a local minimum. FCM
converges in a saddle point or minimum (but not in a maximum) Bezdek (1981).
Further fuzzy clustering algorithms, distance functions variants and applications can
be found in Bezdek et al. (1999) and H€
oppner et al. (1999).

Fuzzy Rule Generation
The automatic generation of linguistic rules plays an important role in many
applications, e.g., classification (Kuncheva 2000; Nauck and Kruse 1997), regression (Dickerson and Kosko 1996; Nauck and Kruse 1999; Wang and Mendel 1992),
control engineering (Klawonn et al. 1995; Klawonn and Kruse 1993, 1995, 1997),
image processing (Bezdek et al. 1999; H€
oppner et al. 1999). In fuzzy data analysis, we
are interested in learning fuzzy rules from observations using fuzzy methods, e.g.,
FCM.
Before we talk about the generation of linguistic rules from fuzzy clustering, let us
briefly mention the some other methods based on fuzzy logic. Grid-based approaches
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define fixed fuzzy partitions for every variable. Every cell in that multidimensional
grid may correspond to one rule (Wang and Mendel 1992). Most well-known are
hybrid methods to induce fuzzy rules. Therefore a fuzzy system is combined with
computational intelligence techniques. For instance, evolutionary algorithms are used
for guided searching the space of possible rule bases (Cordón et al. 2004). Neuro-fuzzy
systems use learning methods of artificial neural network (e.g., backpropagation)
to tune parameters of a network that can be directly understood as a fuzzy system (Nauck et al. 1997). Standard rule generation methods have been fuzzified as
well (e.g., separate-and-conquer rule learning (H€
uhn and H€ullermeier 2009), decision
trees (Olaru and Wehenkel 2003), support vector machines (Moewes and
Kruse 2008).
Here, we will restrict ourselves to FCM for fuzzy rule generation. Consider again
the input space X IRn and the output space Y IR. We observe m patterns
(xj, yj) ∈ S X  Y where j ¼ 1, . . . , m. Running FCM on that dataset S leads to c
cluster prototypes ci ¼ (ci(1), . . . , ci(n), ci(y)) with i ¼ 1, . . . , c that can be seen as
concatenation of both the input values ci(j), j ¼ 1, . . ., n and the output value ci(y).
Thus every prototype represents one linguistic rule


ð1Þ
ðnÞ
ðyÞ
Ri : if x is close to ci ; . . . ; ci
then y is close to ci :
Using the membership degrees U, we can rewrite these rules as
Ri : if uxi ðxÞ then uyi ðyÞ:

(16.15)

The only problem is that FCM returns the membership degrees ui(x, y) of the
product space X Y. To obtain rules like (16.15), we must project ui onto uix and
uiy. If x and y are restricted to [xmin, xmax] and [ymin, ymax], respectively, the
projections are given by
uxi ðxÞ ¼
uyi ðyÞ ¼

ui ðx; yÞ;

sup

y2½ymin ;ymax 

sup
x2½xmin ;ymax 

ui ðx; yÞ:

We can also project ui onto each single input variable X1, . . ., Xn by
uik ðxðkÞ Þ¼

sup
ð:kÞ

ð:kÞ

uxi ðxÞ

xð:kÞ 2½xmin ;xmax 
ð1Þ
ðk1Þ ðkþ1Þ
;x
; . . . ; xðnÞ Þ. We may thus
for k ¼ 1, . . ., n where as xð:kÞ def
¼ ðx ; . . . ; x
write (16.15) in form of a Mamdani-Assilian rule (16.6) as

Ri : if

^k¼1 uik ðxðkÞ Þ then uyi ðyÞ:
n

(16.16)
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For one rule, the output value of an unseen input x ∈ IRn will be equivalent to (16.7)
if the minimum t-norm is used as conjunction ∧ . The overall output of the complete
rule base is given by a disjunction ∨ of all rule outputs (cf. (16.9) if ∨ is the tconorm maximum).
A crisp output can then again be computed by defuzzification, e.g., using the
COG method (16.10). Since this computation is rather costly, the output membership functions uiy are commonly be replaced by singletons, i.e.,
(
ðyÞ
1 if y ¼ ci ;
y
ui ðyÞ ¼
0 otherwise.
Since each rule consequent comprise the component ci(y) of the cluster prototype,
we can rewrite (16.16) as Sugeno-Yasukawa rule (Sugeno and Yasukawa 1993)
Ri : if

^k¼1 uik ðxðkÞ Þ then y ¼ cðyÞ
i :
n

These rules strongly resemble the neurons of an RBF network. This will become
clear if every membership function is Gaussian, i.e.,

uxi ðxÞ

¼ exp

x  mi
si

2

;

P
and if there are normalized, i.e., ci¼1 uxi ðxÞ ¼ 1 for all x ∈ IRn. This link is used in
neuro-fuzzy systems for both training fuzzy rules with backpropagation and
initializing RBF networks with fuzzy rules (Nauck and Kruse 1997).

Transfer Passenger Analysis Based on FCM
The German Aerospace Center (DLR) developed a macroscopic passenger flow
model for simulating passenger movements on airport’s land side. For the passenger movements in terminal areas, probabilistic distribution functions are used
today. In (Keller and Kruse 2002), the goal was to build a fuzzy rule base describing
the transfer passenger amount between aircrafts. These rules could be used to
improve the macroscopic simulation. The key idea was to find the rules based on
FCM. The following attributes of passengers were used to for analysis:
• The maximal amount of passengers in a certain aircraft (depending on the type
of the aircraft)
• The distance between the airport of departure and the airport of destination (in
three categories: short-, medium-, and long-haul)
• The time of departure
• The percentage of transfer passengers in the aircraft
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Fig. 16.10 Fuzzy rules and induced vague areas

The number of clusters were determined by validity measures (H€oppner
et al. 1999; Kruse et al. 2007) evaluating the whole partition of all data. The
clustering was run for a varying number of clusters. The validity of the resulting
partitions was compared based on the used measures.
An example of resulting fuzzy clusters are shown in Fig. 16.10. Every fuzzy
cluster corresponds to one fuzzy rule. The color intensity indicates the firing
strength of a specific rule. The vague areas are the fuzzy clusters whereas the
color intensity indicates the membership degree. The tips of the fuzzy partitions are
obtained in every domain by projections of the multidimensional cluster centers (as
explained before in section “Fuzzy Rule Generation”).
The fuzzy rules obtained by FCM were simplified through several steps. First,
similar fuzzy sets were combined to one fuzzy set. Fuzzy sets similar to the universal
fuzzy set were removed. Fuzzy rules with the same input clauses were either
combined if they also shared the same output clauses or else they were removed
from the rule base. Finally, around five rules could be obtained from FCM. Among
them were the two following rules: If an aircraft with a relatively small amount of
maximal passengers (80–200) has a short- or medium-haul destination departing late
at night, then usually this flight has a high amount of transfer passengers (80–90%).
If a flight with a medium-haul destination and a small aircraft (about 150 passengers)
starts about noon, then it carries a relatively high amount of transfer passengers
(ca. 70%). We refer to Keller and Kruse (2002) for more details about this real-world
application.
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