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ABSTRACT

In the second part of this two-part paper, we present results and
algorithms regarding redundancy and complete non-redundant sets
of dependencies, examine a relationship to and apossible reductionist
interface to classical dependencies and a relationship to functional
dependencies over domains with similarity relations. We also outline
future research topics.
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1. Bases of graded attribute implications

1.1. Completeness, non-redundancy, bases

When exploring graded attribute implications of a table 〈X,Y , I〉 with grades, one is
interested in small informative sets of implications. A reasonable approach is to require,
on the one hand, that such a set contains information about validity in 〈X,Y , I〉 of all
implications and, on the other hand, is non-redundant. Such sets are investigated in this
section.
Definition 1: A set T of graded attribute implications is called complete in 〈X,Y , I〉 if

||A⇒ B||T = ||A⇒ B||〈X,Y ,I〉 (1)

for every implication A⇒ B.
Remark 1:

(1) That is, T is complete if the degree of entailment by T coincides with the degree
of validity in 〈X,Y , I〉. In this sense, a complete set contains all information about
validity in 〈X,Y , I〉 via semantic entailment.

(2) Every A ⇒ B from a complete T is valid in 〈X,Y , I〉 to degree 1. This is a direct
consequence of (1) and the fact that ||A⇒ B||T = 1 for A⇒ B ∈ T .

Completeness of T may be characterized in terms of models of T in the following way:
Theorem 1: T is complete in 〈X,Y , I〉 iffMod(T) = Int(X∗,Y , I).

CONTACT R. Belohlavek radim.belohlavek@acm.org∗Dedicated to Professor Petr Hájek.
†We assume the reader is familiar with the first part of this paper Belohlavek and Vychodil (forthcoming-a). Preliminary
versions of parts of this work were presented in Belohlavek, Chlupová, and Vychodil (2004, 2005a, 2005b, 2005c, 2005d,
2006).
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Proof: Let T be complete in 〈X,Y , I〉. Let first M ∈ Mod(T). Due to completeness of T
and Theorem 7 of Belohlavek and Vychodil (forthcoming-a),

||M ⇒ M↓↑||T = ||M ⇒ M↓↑||〈X,Y ,I〉 = S(M↓↑,M↓↑) = 1.

As M ∈ Mod(T), ||M ⇒ M↓↑||T = 1 yields ||M ⇒ M↓↑||M = 1 from which it
follows 1 = S(M,M)∗ ≤ S(M↓↑,M), i.e. M↓↑ ⊆ M. Since M ⊆ M↓↑ is always the case,
we haveM = M↓↑, henceM ∈ Int(X∗,Y , I) by virtue of (54) of Belohlavek and Vychodil
(forthcoming-a). We proved Mod(T) ⊆ Int(X∗,Y , I). Conversely, let M ∈ Int(X∗,Y , I).
Clearly, since T is complete, Theorem 7 of Belohlavek and Vychodil (forthcoming-a)
implies

||A⇒ B||M ≥ ||A⇒ B||Int(X∗,Y ,I) = ||A⇒ B||T
for every implication A ⇒ B. In particular, if A ⇒ B ∈ T , then ||A ⇒ B||T = 1
and the last inequality yields ||A ⇒ B||M = 1. This shows M ∈ Mod(T), and thus
Int(X∗,Y , I) ⊆ Mod(T).

Conversely, if Mod(T) = Int(X∗,Y , I), then T is complete since due to Theorem 7 of
Belohlavek and Vychodil (forthcoming-a),

||A⇒ B||T = ||A⇒ B||Mod(T) = ||A⇒ B||Int(X∗,Y ,I) = ||A⇒ B||〈X,Y ,I〉.

�
Remark 2:

(1) Each of the two inclusions of Mod(T) = Int(X∗,Y , I) has a natural meaning.
Namely, as an inspectionof theproof ofTheorem1 shows, (a)Mod(T) ⊆ Int(X∗,Y , I)
if and only if ||A ⇒ B||T ≥ ||A ⇒ B||〈X,Y ,I〉 for every A ⇒ B, and (b) Mod(T) ⊇
Int(X∗,Y , I) if and only if ||A⇒ B||T ≤ ||A⇒ B||〈X,Y ,I〉 for every A⇒ B.

(2) Let Mod(T) ⊇ {Ix | x ∈ X} with Ixs given by Ix(y) = I(x, y). Then ||A ⇒
B||T = ||A ⇒ B||Mod(T) ≤ ||A ⇒ B||〈X,Y ,I〉. If, on the other hand, ||A ⇒ B||T ≤
||A ⇒ B||〈X,Y ,I〉, then according to (1)(b), Mod(T) ⊇ Int(X∗,Y , I), whence also
Mod(T) ⊇ {Ix | x ∈ X} because Int(X∗,Y , I) ⊇ {Ix | x ∈ X}. This shows that in
(1)(b), the condition Mod(T) ⊇ Int(X∗,Y , I) may be replaced by Mod(T) ⊇ {Ix |
x ∈ X}. Now, since Mod(T) ⊇ {Ix | x ∈ X} says that every A ⇒ B ∈ T is valid
in 〈X,Y , I〉 to degree 1, we conclude that in order to check that T is complete in
〈X,Y , I〉, it suffices to check that every A⇒ B ∈ T be valid in 〈X,Y , I〉 to degree 1
and that Mod(T) ⊆ Int(X∗,Y , I).

Definition 2: A set T of graded implications is called a base of 〈X,Y , I〉 if T is complete
in 〈X,Y , I〉 and no proper subset of T is complete in 〈X,Y , I〉.

Alternatively, one can define the notion of a base in the following way. Call a set T of
implications redundant if there exists A ⇒ B ∈ T such that ||A ⇒ B||T−{A⇒B} = 1.
Otherwise, call T non-redundant.
Lemma 1: The following conditions are equivalent:

(i) T is a non-redundant set of implications.
(ii) For every A⇒ B ∈ T:Mod(T) ⊂ Mod(T − {A⇒ B}).
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(iii) For every A ⇒ B ∈ T, there exists C ⇒ D such that ||C ⇒ D||T−{A⇒B} < ||C ⇒
D||T .

Proof:

(i)⇒ (ii): AsMod(T) ⊆ Mod(T−{A⇒ B}) is always the case, it is sufficient to show
that Mod(T) �= Mod(T − {A ⇒ B}). Indeed, if Mod(T) = Mod(T − {A ⇒ B}),
then

||A⇒ B||T−{A⇒B} =||A⇒ B||Mod(T−{A⇒B})=||A⇒ B||Mod(T)=||A⇒ B||T = 1,

a contradiction to non-redundancy of T .
(ii)⇒ (iii): Due to (ii), there exists a modelM of T − {A⇒ B} which is not a model
ofA⇒ B. Hence, puttingC ⇒ D = A⇒ B, we get ||A⇒ B||T−{A⇒B} < 1 = ||A⇒
B||T .
(iii) ⇒ (i): If T were redundant, then for some A ⇒ B ∈ T , we have ||A ⇒
B||T−{A⇒B} = 1 from which it follows Mod(T) ⊇ Mod(T − {A ⇒ B}). Since the
converse inclusion is obvious, we get Mod(T) = Mod(T − {A ⇒ B}). As a result,
||C ⇒ D||T−{A⇒B} = ||C ⇒ D||T for each C ⇒ D, a contradiction to (iii). �

As the following theorem shows, bases are just complete sets that are non-redundant as
sets of implications.
Theorem 2: T is a base of 〈X,Y , I〉 if and only if

– T is complete in 〈X,Y , I〉, and
– T is non-redundant as a set of implications.

Proof: The assertion follows directly from the fact that non-redundancy ofT is equivalent
to condition (iii) of Lemma 1 and the fact that if T is complete in 〈X,Y , I〉, one has
||C ⇒ D||T = ||C ⇒ D||〈X,Y ,I〉. �

Since one is naturally interested in implications that are fully true in data, the following
concept is of interest. A set T of graded attribute implications is called a 1-complete in
〈X,Y , I〉 if

||A⇒ B||T = 1 iff ||A⇒ B||〈X,Y ,I〉 = 1

for every implication A ⇒ B. That is, full consequences of a 1-complete set need to
be just the implications fully true in 〈X,Y , I〉. Clearly, completeness in 〈X,Y , I〉 implies
1-completeness in 〈X,Y , I〉. Interestingly, we have:
Theorem 3: T is complete in 〈X,Y , I〉 iff T is 1-complete in 〈X,Y , I〉.
Proof: We need to show that if T is a 1-complete, it is complete. Let thus T be 1-complete
in 〈X,Y , I〉. Due to Theorem 7 of Belohlavek and Vychodil (forthcoming-a), T is complete
iff ||A ⇒ B||T = ||A ⇒ B||Int(X∗,Y ,I), i.e. iff ||A ⇒ B||Mod(T) = ||A ⇒ B||Int(X∗,Y ,I) for
every A⇒ B, which we now verify. First, observe that

||A⇒ S(B,A↓↑)⊗ B||Int(X∗,Y ,I) = 1. (2)

Indeed, the equality holds iff for eachM ∈ Int(X∗,Y , I),

S(A,M)∗ ≤ S(S(B,A↓↑)⊗ B,M).
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Since S(S(B,A↓↑)⊗ B,M) = S(B,A↓↑) → S(B,M), the last inequality is equivalent to

S(B,A↓↑)⊗ S(A,M)∗ ≤ S(B,M). (3)

Now, due to the properties of 〈↑, ↓〉 established in Belohlavek (1999), and due to
(
∧

k∈K ak)∗ ≤∧
k∈K a∗k and (a→ b)∗ ≤ a∗ → b∗, we get

S(A,M)∗ ≤ S(A↓,M↓)∗ = (
∧

x∈X (A↓(x)→ M↓(x)))∗

≤
∧
x∈X

(A↓(x)∗ → M↓(x)∗) = S(A↓∗,M↓∗) ≤ S(A↓∗⇑,M↓∗⇑) = S(A↓↑,M↓↑).

Therefore, usingM ∈ Int(X∗,Y , I) and thusM = M↓↑, we get

S(B,A↓↑)⊗ S(A,M)∗ ≤ S(B,A↓↑)⊗ S(A↓↑,M↓↑) ≤ S(B,M↓↑) = S(B,M),

verifying (3) and thus also (2).Next, (2), Theorem7ofBelohlavek andVychodil (forthcoming-
a) and the assumption that T is 1-complete yield

1 = ||A⇒ S(B,A↓↑)⊗ B||Int(X∗,Y ,I) = ||A⇒ S(B,A↓↑)⊗ B||Mod(T).

Due to (ii) of Lemma 1 in Belohlavek and Vychodil (forthcoming-a) and a → ∧
i∈I bi =∧

i∈I (a→ bi),

||A⇒ S(B,A↓↑)⊗ B||Mod(T) =
∧

M∈Mod(T)

||A⇒ S(B,A↓↑)⊗ B||M

= ∧
M∈Mod(T)

(
S(B,A↓↑)→ ||A⇒ B||M

)
= S(B,A↓↑) →∧

M∈Mod(T) ||A⇒ B||M
= S(B,A↓↑) → ||A⇒ B||Mod(T).

As a result,

S(B,A↓↑)→ ||A⇒ B||Mod(T) = 1,

hence since a ≤ b iff a→ b = 1, we get S(B,A↓↑) ≤ ||A⇒ B||Mod(T). Since S(B,A↓↑) =
||A ⇒ B||Int(X∗,Y ,I) due to Theorem 7 of Belohlavek and Vychodil (forthcoming-a), we
established ||A ⇒ B||Int(X∗,Y ,I) ≤ ||A ⇒ B||Mod(T). The converse inequality, ||A ⇒
B||Int(X∗,Y ,I) ≥ ||A ⇒ B||Mod(T), follows directly from Int(X∗,Y , I) ⊆ Mod(T), which is
a consequence of 1-completeness of T (the same argument as in the proof of Theorem 1
applies).

�

1.2. Bases and pseudo-intents

A particular type of bases may be obtained from the following collections of L-sets of
attributes.
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Definition 3: A set P ⊆ LY is called a system of pseudo-intents of 〈X,Y , I〉 if for each
P ∈ LY :

P ∈ P iff P �= P↓↑ and ||Q⇒ Q↓↑||P = 1 for each Q ∈ P with Q �= P. (4)

Remark 3:

(a) Recall that ||Q ⇒ Q↓↑||P = 1 means that S(Q, P)∗ ≤ S(Q↓↑, P). Hence, if ∗ is
the globalization, then since S(Q, P)∗ = 1 if Q ⊆ P and S(Q, P)∗ = 0 if Q �⊆ P,
condition (4) simplifies to

P ∈ P iff P �= P↓↑ and Q↓↑ ⊂ P for each Q ∈ P with Q ⊂ P. (5)

If L is, moreover, finite, then it is easily seen that there exists a unique system of
pseudo-intents of 〈X,Y , I〉.
In general, a system of pseudo-intents is not unique and may even not exist, as we
demonstrate below.

(b) For L = {0, 1}, globalization is the only hedge ∗ on L. One easily observes that in this
case, (3) essentially coincides with the definition of a (unique) system of ordinary
pseudo-intents (Ganter 1998;Ganter andWille 1999;Guigues andDuquenne 1986).

The importance of the notion of a system of pseudo-intents derives from the following
theorem.
Theorem 4: If P is a system of pseudo-intents of 〈X,Y , I〉, then

T = {P ⇒ P↓↑ | P ∈ P} (6)

is a non-redundant base of 〈X,Y , I〉.
Proof: First, we show that T is complete in 〈X,Y , I〉. Due to Theorem 1, it is sufficient to
showMod(T) = Int(X∗,Y , I). To showMod(T) ⊆ Int(X∗,Y , I), assume by contradiction
that M ∈ Mod(T) − Int(X∗,Y , I). As M �∈ Int(X∗,Y , I), we have M �= M↓↑ by (54)
of Belohlavek and Vychodil (forthcoming-a), thus, in particular, S(M↓↑,M) �= 1. The
assumptionM ∈ Mod(T) yields that ||Q ⇒ Q↓↑||M = 1 for every Q ∈ P , which implies
M ∈ P by Definition 3. Hence,M ⇒ M↓↑ belongs to T and we have

||M ⇒ M↓↑||M = S(M,M)∗ → S(M↓↑,M) = 1∗ → S(M↓↑,M) = S(M↓↑,M) �= 1,

which contradicts M ∈ Mod(T). To verify Mod(T) ⊇ Int(X∗,Y , I), observe that if M ∈
Int(X∗,Y , I), then since M = M↓↑ by (54) of Belohlavek and Vychodil (forthcoming-a),
we have for every P ∈ LY ; thus, in particular, for every P ∈ P ,

S(P,M)∗ = S(M⇓, P⇓)∗ ≤ S(M⇓∗, P⇓∗) ≤ S(P⇓∗⇑,M⇓∗⇑)

= S(P↓↑,M↓↑) = S(P↓↑,M),

whence
||P ⇒ P↓↑||M ≤ S(P,M)∗ → S(P↓↑,M) = 1,

establishing thatM is a model of T .
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Second, we check that T is non-redundant. If T ′ ⊂ T , there exists P ∈ P such that
P ⇒ P↓↑ �∈ T ′. Since P ∈ P , Definition 3 yields that ||Q ⇒ Q↓↑||P = 1 for every Q ∈ P
with Q �= P, whence P ∈ Mod(T ′). Since ||P ⇒ P↓↑||P = S(P↓↑, P) �= 1 and since T is
complete in 〈X,Y , I〉, we obtain

||P ⇒ P↓↑||〈X,Y ,I〉 = ||P ⇒ P↓↑||T = 1 �= ||P ⇒ P↓↑||P ≥
≥ ∧

M∈Mod(T ′) ||P ⇒ P↓↑||M = ||P ⇒ P↓↑||T ′ ,

establishing that T ′ is not complete in 〈X,Y , I〉 and hence T is non-redundant.
�

As the following example illustrates, there may exist multiple systems of pseudo-intents
for a given 〈X,Y , I〉 which, moreover, vary in size.
Example 1: Let L with L = {0, 0.5, 1} be a Gödel chain with ∗ being the identity on L.
Consider 〈X,Y , I〉, where X = {x}, Y = {y, z}, and I(x, y) = I(x, z) = 0. The following
systems of L-sets of attributes are the systems of pseudo-intents of 〈X,Y , I〉:

P1 = {{z}, {0.5/y, 0.5/z}, {y}}, P3 = {{y}, {0.5/z}},
P2 = {{z}, {0.5/y}}, P4 = {{0.5/y}, {0.5/z}}.

In general, there exist finite data tables 〈X,Y , I〉 forwhich there does not exist any system
of pseudo-intents not even if ∗ is the globalization. This is illustrated by the following
example.
Example 2: Let L be any complete residuated lattice with L = [0, 1], let ∗ be the
globalization, and letX = {x},Y = {y}, and I(x, y) = 0. It is easily seen that Int(X∗,Y , I) =
{{}, {y}}. Assume that there exists a system P of pseudo-intents of 〈X,Y , I〉. Due to
Theorem 4, T = {P ⇒ P↓↑| P ∈ P} is a base and, therefore, Theorem 1 implies that
Mod(T) = Int(X∗,Y , I) = {{}, {y}}. Thus, for each a ∈ (0, 1), there must exist {c/y} ∈ P
such that ||{c/y} ⇒ {c/y}↓↑||{a/y} �= 1, i.e.

(c→ a)∗ = S({c/y}, {a/y})∗ �≤ S({c/y}↓↑, {a/y}). (7)

Since ∗ is the globalization, (7) gives (c→ a)∗ = 1, meaning that c ≤ a and thus c ∈ [0, a].
Since {c/y} is a pseudo-intent, {c/y} �∈ Int(X∗,Y , I) = {{}, {y}}, whence c �= 0 and thus
c ∈ (0, a]. Now, take any b ∈ (0, c). Repeating the above idea yields a d ∈ (0, b] such that
{d/y} ∈ P and ||{d/y} ⇒ {d/y}↓↑||{b/y} �= 1.Hence, the systemof pseudo-intentsP contains
{c/y} and {d/y} with 0 < d < c < 1, i.e. {d/y} ⊂ {c/y}. However, {d/y}↓↑ = {y} �⊆ {c/y} which
contradicts the assumption that P is a system of pseudo-intents.

In the remainder of this section, we characterize the systems of pseudo-intents of
〈X,Y , I〉 as certainmaximal independent sets in graphs associated to 〈X,Y , I〉. For 〈X,Y , I〉,
put

V = {P ∈ LY | P �= P↓↑}. (8)

Clearly, if V is empty, then P = ∅ is the only system of pseudo-intents of 〈X,Y , I〉. In
this trivial case, there is no non-trivial implication valid in 〈X,Y , I〉. For non-empty V ,
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consider the binary relation E on V defined by

E = {〈P,Q〉∈ V | P �= Q and ||Q⇒ Q↓↑||P �= 1} (9)

and the graphG = 〈V ,E ∪ E−1〉. The following lemma shows a first link between systems
of pseudo-intents and the graph G.
Lemma 2: If ∅ �= P is a system of pseudo-intents, then P is a maximal independent set in
G.
Proof: Clearly, P ⊆ V since P �= P↓↑ for every member of a system of pseudo-intents.
P is independent because otherwise there exist P,Q ∈ P with 〈P,Q〉 ∈ E, i.e. ||Q ⇒
Q↓↑||P �= 1, a contradiction to the definition of a system of pseudo-intents. Maximality: if
P ∪ {P} is independent for some P ∈ V − P , then for each Q ∈ P , we have 〈P,Q〉 �∈ E,
i.e. ||Q⇒ Q↓↑||P = 1. Definition 3 then implies P ∈ P , a contradiction.

�
However, as Example 3 shows, there may exist maximal independent sets in G that are

not systems of pseudo-intents. For this reason, define for any Q ∈ V and P ⊆ V the
following subsets of V :

Pred(Q) = {P ∈ V | 〈P,Q〉 ∈ E},
Pred(P) =⋃

Q∈P Pred(Q).

The following characterization of systems of pseudo-intents in terms of Pred(P) may
then be obtained.
Lemma 3: Let P ⊆ V. P is a system of pseudo-intents iff P = V − Pred(P).
Proof: Since every element P of any system of pseudo-intents satisfies P ∈ V , Definition
3 implies that being a system of pseudo-intents is equivalent to the following condition:

for every P ∈ V : P ∈ P iff for each Q ∈ P − {P}, we have 〈P,Q〉 �∈ E.

Since 〈P, P〉 �∈ E, the last condition is equivalent to

for every P ∈ V : P ∈ P iff P �∈ Pred(P),

which is clearly equivalent to P = V − Pred(P).
�

Lemmas 2 and 3finally yield the following characterization of systems of pseudo-intents:
Theorem 5: P �= ∅ is a system of pseudo-intents iff P is a maximal independent set in G
such that P = V − Pred(P).

Using Theorem 5, one may compute systems of pseudo-intents by computing maximal
independent sets in G and checking the additional condition P = V − Pred(P). Note
that this property may be checked when generating the independent sets. The following
example illustrates the procedure.
Example 3: Let L be a three-element Łukasiewicz chain with L = {0, 0.5, 1}, and ∗ being
the identity on L. Consider the data table 〈X,Y , I〉whereX = {x},Y = {y, z}, I(x, y) = 0.5,
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Figure 1. Relation E given by (9) and the induced graph from Example 3.

and I(x, z) = 0. The set V defined by (8) is the following:

V = {{}, {0.5/z}, {z}, {0.5/y, 0.5/z}, {0.5/y, z}, {y}}.

The corresponding binary relation E defined by (9) is depicted in Figure 1 (left); graph
G = 〈V ,E ∪ E−1〉 is depicted in Figure 1 (right). G contains four maximal independent
sets:

P1 = {{}, {0.5/y, z}, {y}}, P3 = {{z}, {y}},
P2 = {{0.5/z}, {y}}, P4 = {{0.5/y, 0.5/z}, {y}}.

Observe thatP1 andP3 donot satisfyPi = V−Pred(Pi) (i ∈ {1, 3}) because {0.5/y, 0.5/z} �∈
Pred(Pi), i = 1, 3, and {} �∈ Pred(P3). Hence, due to Theorem3,P1 andP3 are not systems
of pseudo-intents. On the other hand, Pi = V − Pred(Pi) for i = 2, 4, i.e. P2 and P4 are
systems of pseudo-intents of 〈X,Y , I〉. The corresponding non-redundant bases T2 and T4
of 〈X,Y , I〉 given by Theorem 4 are the following:

T2 = {{0.5/z}⇒{y, 0.5/z}, {y}⇒{y, 0.5/z}},
T4 = {{0.5/y, 0.5/z}⇒{y, 0.5/z}, {y}⇒{y, 0.5/z}}.

Further algorithmic aspects of this procedure are discussed in Section 2.

1.3. Pseudo-intents and bases corresponding to globalization

It has been pointed out in Remark 3 that if the hedge ∗ involved in the definition of the
validity of attribute implications is the globalization and if L and Y are finite, there exists a
unique system of pseudo-intents for a given 〈X,Y , I〉. In this section, we show that in this
case, the correspondingbases areminimal in termsof thenumberof implications contained
in the base. For the subsequent proofs, we need the following technical observation which
applies to general systems of pseudo-intents using any hedge.
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Lemma 4: LetP be a system of pseudo-intents of 〈X,Y , I〉 and let P,Q ∈ P∪ Int(X∗,Y , I)
satisfy

S(P,Q)∗ ≤ S(P↓↑, P ∩ Q), (10)
S(Q, P)∗ ≤ S(Q↓↑, P ∩ Q). (11)

Then, P ∩ Q ∈ Int(X∗,Y , I).
Proof: PutT ′ = T−{P ⇒ P↓↑,Q⇒ Q↓↑}, whereT is a set of fuzzy attribute implications
defined by (6). Definition 3 and the fact that ||C ⇒ C↓↑||D = 1 for every C ∈ LY

and D ∈ Int(X∗,Y , I) imply P,Q ∈ Mod(T ′). Hence, for each A ⇒ B ∈ T ′, we have
S(A, P)∗ ≤ S(B, P) and S(A,Q)∗ ≤ S(B,Q). Consequently,

S(A, P ∩ Q)∗ = (S(A, P) ∧ S(A,Q))∗ ≤ S(A, P)∗ ∧ S(A,Q)∗

≤ S(B, P) ∧ S(B,Q) = S(B, P ∩ Q),

which yields that P ∩ Q is a model of T ′. Due to Theorem 1, it is now sufficient to verify
that P ∩ Q is a model of {P ⇒ P↓↑,Q⇒ Q↓↑}. By virtue of (10) and (11), we have

S(P, P ∩ Q)∗ = S(P,Q)∗ ≤ S(P↓↑, P ∩ Q)

and
S(Q, P ∩ Q)∗ = S(Q, P)∗ ≤ S(Q↓↑, P ∩ Q),

i.e. ||P ⇒ P↓↑||P∩Q = 1 and ||Q⇒ Q↓↑||P∩Q = 1, finishing the proof. �
Remark 4: If P and Q are intents or pseudo-intents satisfying S(P,Q)∗ = S(Q, P)∗ = 0,
then (10) and (11) are met and due to Lemma 4, P ∩ Q is an intent. Hence, if ∗ is the
globalization and P and Q are intents or pseudo-intents with P �⊆ Q and Q �⊆ P, then
P ∩ Q is an intent.
Theorem 6: Let L be a finite residuated lattice with ∗ being the globalization, let Y be
finite. Let P be the system of pseudo-intents of 〈X,Y , I〉 and T be the corresponding base
given by (6). Then, for any base T ′ of 〈X,Y , I〉, we have |T| ≤ |T ′|.
Proof: We first show that for each P ∈ P , T ′ contains an implication A ⇒ B such that
A ⊆ P and A↓↑ = P↓↑. We then show that two distinct P,Q ∈ P cannot share the same
implication satisfying this property which proves that |T| = |P| ≤ |T ′|.

Take any P ∈ P . By definition, P �= P↓↑ and thus P �∈ Int(X∗,Y , I). Since T ′ is a
base, Theorem 1 yields that T ′ contains A ⇒ B such that ||A ⇒ B||P �= 1. Since ∗ is the
globalization, we get A ⊆ P and B �⊆ P. As every implication in T ′ is valid in 〈X,Y , I〉 to
degree 1, Theorem 7 of Belohlavek and Vychodil (forthcoming-a) yields S(B,A↓↑) = 1,
i.e. B ⊆ A↓↑. Thus, from B ⊆ A↓↑ and B �⊆ P it follows that A↓↑ �⊆ P. Now, A ⊆ P and
A↓↑ �⊆ P yield A ⊆ A↓↑ ∩ P ⊂ A↓↑. Since A↓↑ is the least intent containing A, it follows
that A↓↑ ∩ P is not an intent. Next, we claim that P ⊆ A↓↑. By contradiction, if P �⊆ A↓↑,
then since A↓↑ �⊆ P, Lemma 4 would give A↓↑ ∩ P ∈ Int(X∗,Y , I), a contradiction to the
above observation that A↓↑ ∩ P �∈ Int(X∗,Y , I). Now, A ⊆ P yields A↓↑ ⊆ P↓↑ while
P ⊆ A↓↑ yields P↓↑ ⊆ A↓↑↓↑ = A↓↑, showing A↓↑ = P↓↑.

Now, consider P,Q ∈ P such that P �= Q and assume that A⇒ B ∈ T ′ satisfies A ⊆ P,
A ⊆ Q, and P↓↑ = A↓↑ = Q↓↑. If P ⊂ Q, then P↓↑ ⊆ Q and thus A↓↑ = P↓↑ ⊆ Q ⊂
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Q↓↑ = A↓↑, a contradiction. Dually, for Q ⊂ P. Thus, assume that P � Q and Q � P.
Using Lemma 4, we get P ∩ Q ∈ Int(X∗,Y , I) and using the assumption that A ⊆ P and
A ⊆ Q, it follows that A ⊆ P ∩ Q, i.e. A↓↑ ⊆ (P ∩ Q)↓↑ = P ∩ Q ⊂ P↓↑, a contradiction.

�

2. Algorithms

In this section, we present algorithms for computing bases. We start by an algorithm
which simplifies the graph-theoretic procedure based on Theorem 5 from Section 1.2. In
case of globalization, we can show that the maximal independent set which determines the
(uniquely given) system of pseudo-intents can be directly computed without the need to
go over all maximal independent sets of the graph. A simplified algorithm which follows
is based on the following observation.
Theorem 7: Let L be a finite linearly ordered residuated lattice with ∗ being the globaliza-
tion and let� be a strict total order on LY which extends⊂. Furthermore, assume thatP , V
andE are given by (4), (8), and (9), respectively. Let for P ∈ P denoteQ = {Q ∈ P |Q � P}.
Then, P is the least element of (V −Q)− Pred(Q) with respect to �.
Proof: First, we prove that P ∈ (V − Q) − Pred(Q). Obviously, P ∈ V − Q and thus
it suffices to check that P �∈ Pred(Q) which means showing P �∈ Pred(Q) for all Q ∈ Q.
Since ∗ is globalization, P �∈ Pred(Q) and P �= Q mean that Q↓↑ ⊆ P whenever Q ⊂ P
which is indeed true because P ∈ P , cf. (5). Second, we prove that P is the least element of
(V−Q)−Pred(Q). Assumeby contradiction thatP′ � P for someP′ ∈ (V−Q)−Pred(Q).
Since P′ ∈ V −Q, we get P′ �∈ Q. On the other hand, from P′ �∈ Pred(Q) it follows that
Q↓↑ ⊆ P′ whenever Q ∈ P and Q ⊂ P′ which by (5) gives P′ ∈ P and thus P′ � P gives
P′ ∈ Q, a contradiction. �

Algorithm 1:Computing the systems of pseudo-intents (case of globalization)
Data: 〈X,Y , I〉 (input data), S (list of L-sets {P | P �= P↓↑} sorted by�)
Result:P (subset of LY )
P := ∅;
while IsNotEmpty (S) do

P := P ∪ {First (S)};
R := NewList ();
B := First (S);
S := Rest (S);
while IsNotEmpty (S) do

if B ⊂ First (S) and B↓↑ � First (S) then
Put (R, First (S));

end
S := Rest (S);

end
S := R;

end
return P ;

Directly from Theorem 7, we derive a procedure for computing pseudo-intents which
utilizes the observation that in order to compute P ∈ P , it suffices to find all pseudo-
intents which are strictly smaller than P according to a strict total � order extending
⊂. The procedure is formalized as Algorithm 1. The algorithm involves the following
operations with linked lists: First (S) (the first element of list S), Rest (S) (the rest of the
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list S except for the first element), Put (S ,B) (destructive modification of the list S by
putting the element B to its end), IsNotEmpty (S) (condition true if list S is not empty)
and NewList () (a constructor for a new empty list). The algorithm takes 〈X,Y , I〉 as the
input and a list S which consists of all elements of V given by (8) which are put in the list
in the order according to �.
Theorem 8: If L is a finite linear residuated lattice and ∗ is globalization, then Algorithm
1 is correct: For 〈X,Y , I〉 and S which is a list of elements P ∈ LY satisfying P �= P↓↑ which
are sorted according to a total strict order � extending ⊂, the algorithm terminates after
finitely many steps and it returns P satisfying (4).
Proof: It is easily seen that the algorithm always terminates because we consecutively
remove elements from the list S and it eventually becomes empty. By induction on the
number of loops of the outer while-loop, it suffices to check that whenever the algorithm
reaches the beginning of the loop body, P contains all the elements from (5) which are
smaller than First (S) according to �, provided that S is non-empty, and S consists of all
elements from (V−P)−Pred(P) and that equalityP∩Pred(P) = ∅ is satisfied. The base
case is clear. In the induction step, if P and S have these properties, from Theorem 7 it
follows that First(S) can be added toP and the innerwhile-loop of the algorithm computes
newS which contains all elements of (V−Q)−Pred(Q) forQ = P∪{First (S)}.Moreover,
Q ∩ Pred(Q) = ∅ because P ∈ Q ∩ Pred(Q) would violate the fact that all elements from
Q are a subset of the elements from (5). So, for the updated P and S , the condition holds.
Therefore, at the end of the computation,S is empty,meaning that (V−P)−Pred(P) = ∅,
i.e. V − P ⊆ Pred(P). Since P ∩ Pred(P) = ∅, we get V − P = Pred(P). Now, apply
Theorem 3. �

Algorithm 1 is limited only to globalization ∗ and does not produce systems of pseudo-
intents for general hedges. Although it is more efficient than the naive application of
Theorem 3 which involves looking for all maximal independent sets, it still uses a large
search space which is in general exponential in terms of the size of Y and L.

An alternative approach to computing minimal bases using globalization and complete
sets using general hedges utilizes the idea of computing fixed points of particular closure
operators associated to 〈X,Y , I〉. In particular, for any setT of graded attribute implications
and any L-set C ∈ LY , we consider an non-decreasing sequence of L-sets C1,C2, . . . such
that C1 = C and

Ci+1 = Ci ∪⋃{B |A⇒ B ∈ T and A ⊂ Ci}, (12)

for any natural number i and put

[C]T =⋃∞
n=1 Cn. (13)

If L is finite and linearly ordered and Y is finite, we get by the Tarski fixed point
theorem that [· · ·]T defined by (13) is a closure operator. In addition, since both L
and Y are finite, [C]T = Cn for some natural n. Furthermore, we obtain the following
theorem:
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Theorem 9: Let L be finite and linearly ordered, Y be finite, P be a system satisfying (5),
and let T be given by (6). Then, T is complete in 〈X,Y , I〉 and

fix([· · · ]T) = P ∪ Int(X∗,Y , I),

i.e. C = [C]T iff C ∈ P ∪ Int(X∗,Y , I).
Proof: The fact that T is complete in 〈X,Y , I〉 can be shown analogously as in the case of
Theorem 4. We therefore omit the proof but notice here that our P , uniquely given by (5)
(even if we consider a general hedge), need not satisfy (4). Now, we prove that the set of
all fixed points of [· · ·]T coincides with P ∪ Int(X∗,Y , I).

Let P ∈ P and take Q ⇒ Q↓↑ ∈ T such that Q ⊂ P. Directly from (5), we get
Q↓↑ ⊆ P and thus [P]T ⊆ P, i.e. P is a fixed point of [· · ·]T . Take B ∈ Int(X∗,Y , I) and
Q⇒ Q↓↑ ∈ T such thatQ ⊂ B. Bymonotony of ↓↑, we getQ↓↑ ⊆ B↓↑ = B, i.e. [B]T ⊆ B.
Conversely, let C = [C]T such that C �= C↓↑. It suffices to check that C ∈ P . Since C is a
fixed point of [· · ·]T , we get Q↓↑ ⊆ C for any Q ⇒ Q↓↑ ∈ T such that Q ⊂ C. Using (5)
and (6), the latter gives C ∈ P . �

Algorithm 2:Determining intents and complete sets
Data: 〈X,Y , I〉where Y = {1, . . . , n} (input data)
Result: I andP (subsets of LY )
P := ∅;
I := ∅;
if ∅ = ∅↓↑ then

I := {∅};
else

P := {∅};
end
B := ∅;
while B �= Y do

T := {B⇒ B↓↑ |B ∈ P};
C := B;
for y := 1 to n do

if C(y) < 1 then
B := [{C(y)+/y,C(y+1)/y + 1, . . . , C(n)/n

}]
T ;

if B(z) = C(z) for all z = 1, . . . , y − 1 then
break for loop;

end
end

end
if B = B↓↑ then

I := I ∪ {B};
else

P := P ∪ {B};
end

end
return I, P ;

Theorem 9 can be used to compute both the sets of intents of 〈X,Y , I〉 and the set P
given by (5) for which the setT given by (6) is complete inT . In case of the globalization, T
is a minimal base due to Theorem 6. A procedure based on this observation is presented in
Algorithm 2. In order to simplify notation, attribute sets used in the algorithm are subsets
of integers. In the algorithm, we use the following notation: for a ∈ L such that a < 1, we
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denote by a+ the least element of (a, 1]. Such a+ always exists since we assume that L is a
finite and linearly ordered.

Theorem 10: If L is a finite linear residuated lattice, then Algorithm 2 is correct: for
〈X,Y , I〉, the algorithm terminates after finitely many steps and returns I and P such that
I = Int(X∗,Y , I) and P satisfies (5).

Proof: Suppose that Y = {1, . . . , n}. The algorithm maintains two sets: I contains only
L-sets B such that B = B↓↑ and P contains only L-sets B such that B �= B↓↑. The main
loop of the algorithm goes through all fixed points of [· · ·]T in the lexicographic order �

where B1 � B2 iff there is y ∈ Y such that B1(y) < B2(y) and B1(z) = B2(z) for all z > y
(recall that for simplicity, we have denoted attributes as integers). Indeed, the for-loop
finds a lexical successor of B with respect to such � which is a fixed point of [· · ·]T . Note
that T already contains all necessary implications to compute such fixed point because all
elements of (5) which are strictly smaller than the current B are already inP . Hence, at the
end of the computation, P and I consist of all the fixed points of [· · ·]T . The rest follows
from Theorem 9. �

Remark 5:

(1) If ∗ is a general hedge, then Algorithm 2 produces P such that the corresponding
theory T given by (6) is complete but may be redundant. In order to get a non-
redundant one, i.e. a base, wemay consecutively remove fromT graded implications
which follow fromother graded implications from the theory, i.e. wemay repeatedly
apply Lemma 1(iii). Namely, T is non-redundant if there is no A ⇒ B such that
||A ⇒ B||T−{A⇒B} = 1. According to Theorem 6 of Belohlavek and Vychodil
(forthcoming-a), the equality can be checked by showing B ⊆ CMod(T−{A⇒B})(A),
i.e. by showing whether B is contained in the least fixed point of CMod(T−{A⇒B})
containing A.

(2) If L and Y are finite, the fixed points of CMod(T) which play a role in the previous
remark can be efficiently computed. Namely, forM ∈ LY , we may putM1 = M and

Mi+1 = M ∪⋃{B⊗ S(A,M)∗ |A⇒ B ∈ T} (14)

for any natural number i. It is easy to see that CMod(T)(M) = ⋃∞
n=1Mn. Note that

since L and Y are finite,
⋃∞

n=1Mn is equal toMn for some n.
(3) The complexity of computing bases derives from the fact that even for L = {0, 1},

there may exist an exponential number of pseudo-intents in terms of |X| and |Y |
(number of objects and attributes) (Kuznetsov and Obiedkov 2008). Hence, since
the size of a smallest base equals the number of pseudo-intents, a smallest base may
have an exponential size in terms of |X| and |Y | in the worst case. On the other
hand, the time delay (Johnson, Yannakakis, and Papadimitrou 1988), which is for
the above reason an appropriate concept in our case, of Algorithm 2 is ≤ O(|L|)-
times the time delay of the basic algorithm for computing ordinary pseudo-intents
(Ganter 1984), which is also described in Ganter and Wille (1999).
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3. Reducing graded attribute implications to ordinary ones via thresholding

As mentioned above, ordinary attribute implications are a particular case of graded
implications in which 0 and 1 are the only degrees involved. In this section, we look at
whether and to what extent the notions regarding graded attribute implications and their
bases may be reduced to those regarding ordinary implications. In particular, we show
that every data table 〈X,Y , I〉 with graded attributes may be transformed via a natural
thresholding to a table 〈X×,Y×, I×〉 with binary attributes in such a way that validity of
graded implications in 〈X,Y , I〉 corresponds to validity of the ordinary implications in
〈X×,Y×, I×〉. A natural question arises of whether bases of 〈X,Y , I〉may be obtained from
the bases of 〈X×,Y×, I×〉 since the latter ones may be computed by existing algorithms
(Ganter and Wille 1999). As we show, the answer to this question is negative. Namely,
while complete sets of ordinary implications in 〈X×,Y×, I×〉 yield complete sets of graded
implications in 〈X,Y , I〉 via the transformation, it may happen that non-redundant sets of
ordinary implications transform to redundant sets of graded implications.

The transformation via thresholding is based on the following idea. Given a graded
attribute y, one may consider for every truth degree b ∈ L the corresponding bivalent
attribute 〈y, b〉 as follows: 〈y, b〉 applies to the object x if and only if y applies to x at least to
degree b. This idea is, in fact, a particular case of a more general one which underlies the
following definition.

Given a table 〈X,Y , I〉 with graded attributes, denote by 〈X×,Y×, I×〉 the table with
graded attributes defined by:

X× = X × ∗(L), where ∗ (L) = {a∗ | a ∈ L},
Y× = Y × L,
〈〈x, a〉, 〈y, b〉〉 ∈ I× iff a⊗ b ≤ I(x, y).

One may easily check using the properties of hedges that ∗(L) = {a ∈ L | a∗ = a}, i.e.
∗(L) is the set of all fix points of ∗. If ∗ is globalization, ∗(L) = {0, 1}, the new objects of
the form 〈x, 1〉 may be identified with the original objects x ∈ X while those of the form
〈x, 0〉 may be dropped because they are redundant (every new attribute 〈y, b〉 applies to
them). In this case, the ordinary relation I× coincides with the one which corresponds to
the simple thresholding as described above because then 〈y, b〉 applies to x, i.e. to 〈x, 1〉, iff
b = 1⊗ b ≤ I(x, y), i.e. y applies to x at least to degree b.

To transform graded attribute implications to ordinary ones and vice versa, we utilize
the following mappings between L-sets and ordinary sets. For an L-set B ∈ LY , we define
the ordinary subset �B� of Y × L by

�B� = {〈y, a〉 ∈ Y × L | a ≤ B(y)}.

For a subset D ⊆ Y × L, we define the L-set �D� in Y by

�D�(y) =∨{a | 〈y, a〉 ∈ D}.

With these correspondences, one may look at the relationship between the validity of
graded implications in 〈X,Y , I〉 on the one hand and the validity of ordinary implications
in 〈X×,Y×, I×〉 on the other hand. Namely, for a given graded implication A ⇒ B over
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Y (i.e. A,B ∈ LY ), one may consider the corresponding ordinary implication �A� ⇒ �B�
over Y × L (i.e. �A�, �B� ⊆ Y × L), and conversely, for an ordinary implication C ⇒ D
over Y × L, one may consider the corresponding graded implication �C� ⇒ �D� over
Y . The relationship in question is described by the following theorem which says that the
transformations described above preserve validity of implications (for brevity, we write
||A⇒ B||I instead of ||A⇒ B||〈X,Y ,I〉 and the same for ||A⇒ B||I×).
Theorem 11: For a data table 〈X,Y , I〉 with graded attributes, the corresponding
〈X×,Y×, I×〉, and arbitrary A ∈ LY , B ∈ LY and C,D ⊆ Y × L, we have

||A⇒ B||I = 1 if and only if ||�A� ⇒ �B�||I× = 1; (15)
||C ⇒ D||I× = 1 if and only if ||�C� ⇒ �D�||I = 1. (16)

Before we turn to the proof of Theorem 11, we present some auxiliary results. Denote
by � : 2X×∗(L) → 2Y×L and � : 2Y×∗Y (L) → 2X×∗(L) the Galois connections induced by
I× (Ore 1944), i.e.

C� = {〈y, b〉 ∈ Y × L | for each 〈x, a〉 ∈ C : 〈〈x, a〉, 〈y, b〉〉 ∈ I×}, and
D� = {〈x, a〉 ∈ X × ∗(L) | for each 〈y, b〉 ∈ D : 〈〈x, a〉, 〈y, b〉〉 ∈ I×},

for every C ⊆ X × ∗(L) and D ⊆ Y × L. Furthermore, let us extend � � and � � for
any A ∈ LX and C ⊆ X × ∗(L) by putting �A� = {〈x, a〉 ∈ X × ∗(L) | a ≤ A(x)} and
�C�(y) = ∨{a | 〈x, a〉 ∈ C}. As (

∨
k a
∗
k)
∗ = ∨

k a
∗
k (due to the isotony and idempotency

of ∗), ∗(L) is closed under suprema and, hence, �C�(x) ∈ ∗(L) for every x ∈ X. The
following lemma describes the relationship between 〈↑, ↓〉 and 〈�,�〉, and some further
properties.
Lemma 5: For every A ∈ LX, B ∈ LY , C ⊆ X × ∗(L) and D ⊆ Y × L,

A↑ = ��A∗���, B↓ = ��B���, C� = ��C�↑�, and D� = ��D�↓�; (17)
C� = ��C��� and D� = ��D���; (18)
�A��� = �A↑↓�, �B��� = �B↓↑�, �C�↑↓ = �C���, and �D�↓↑ = �D���. (19)

Proof: (17) We have

��A∗���(y) =
∨
{b | 〈y, b〉 ∈ �A∗��}

=
∨
{b | for each 〈x, a〉 ∈ �A∗� : 〈〈x, a〉, 〈y, b〉〉 ∈ I×}

= ∨{b | for each 〈x, a〉 ∈ �A∗� : a⊗ b ≤ I(x, y)}
= ∨{b | for each x ∈ X, a ∈ ∗(L) : a ≤ A∗(x) implies a⊗ b ≤ I(x, y)}
= ∨{b | for each x ∈ X : A∗(x)⊗ b ≤ I(x, y)}
= ∨{b | b ≤ ∧

x∈X (A∗(x)→ I(x, y))}
= ∧

x∈X (A∗(x)→ I(x, y)) = A↑(y),

proving A↑ = ��A∗���. B↓ = ��B��� is proven analogously.
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To verify C� = ��A�↑�, we reason as follows:

〈y, b〉 ∈ ��C�↑� iff b ≤ �C�↑(y) =∧
x∈X (�C�∗(x)→ I(x, y))

iff for each x ∈ X : b ≤ �C�∗(x)→ I(x, y) = (
∨
〈x,a〉∈C a)∗ → I(x, y)

= (
∨
〈x,a〉∈C a)→ I(x, y)

iff for each x ∈ X : ∨
〈x,a〉∈C (a⊗ b) = (

∨
〈x,a〉∈C a)⊗ b ≤ I(x, y)

iff for each 〈x, a〉 ∈ C : a⊗ b ≤ I(x, y)
iff for each 〈x, a〉 ∈ C : 〈〈x, a〉, 〈y, b〉〉 ∈ I× iff 〈y, b〉 ∈ C�.

D� = ��D��� is proven analogously.
(18):Due to (17) and since ��A�� = A for everyA ∈ LX ,C� = ��C�↑� = ����C���↑� =

��C���. D� = ��D��� is proven analogously.
(19): By virtue of (17) and since ��M�� = M, we have �A��� = ���A��↑�� =

�����A��↑��↓� = �A↑↓�. The second equality is proven analogously.
Due to (17) and (18), �C�↑↓ = �����C������� = �C���. The last equality is proven

dually. �
Proof of Theorem 11: (15): Due to Theorem 7 of Belohlavek andVychodil (forthcoming-
a), ||A ⇒ B||I = 1 is equivalent to S(B,A↓↑), i.e. to B ⊆ A↓↑, and ||�A� ⇒ �B�||I× = 1
is equivalent to �B� ⊆ �A���. Now, due to (19), �A��� = �A↓↑�. Hence, we need to
check that B ⊆ A↓↑ if and only if �B� ⊆ �A↓↑� which is clearly the case since for every
M,N ∈ LY ,M ⊆ N is equivalent to �M� ⊆ �N�.

(16): We prove the claim by establishing that (a) D ⊆ C�� is equivalent to (b) �D� ⊆
�C�↓↑. Namely, on account of Theorem 7 of Belohlavek and Vychodil (forthcoming-a),
(a) is equivalent to ||C ⇒ D||I× = 1 and (b), i.e. S(�D�, �C�↓↑) = 1, is equivalent to
||�C� ⇒ �D�||I = 1. Since (a) clearly implies �D� ⊆ �C��� and since �C��� = �C�↓↑
on account of (19), we see that (a) implies (b). Assume (b). Then, clearly, ��D�� ⊆ ��C�↓↑�.
As ��C�↓↑� = ��C���� = C�� on account of (19) and (18), we get ��D�� ⊆ C��. As
D ⊆ ��D��, we have D ⊆ C��, proving that (b) implies (a). �
Remark 6: In addition to (16) of Theorem 11, we also have

||C ⇒ D||I× = 1 if and only if ||��C�� ⇒ ��D��||I× = 1.

Namely, the two conditions involved are equivalent to (a) D ⊆ C�� and (b) ��D�� ⊆
��C���� = C��, respectively, on account of Theorem 7 of Belohlavek and Vychodil
(forthcoming-a) and (18). Since D ⊆ ��D��, (b) and (18) clearly imply (a). On the other
hand, (a) implies ��D�� ⊆ ��C����. Since C�� = ��C��↑�, we have ��C���� =
����C��↑��� = ��C��↑� = C��. As a result, (a) implies (b).

In view of the above results, a natural question is whether one can obtain complete sets
and bases of a given table 〈X,Y , I〉 with graded attributes from complete sets and bases of
the corresponding 〈X×,Y×, I×〉. This question is the subject of the next theorem and the
following remark.
Theorem 12: If T× is complete in 〈X×,Y×, I×〉, then

�T×� = {�C� ⇒ �D� |C ⇒ D ∈ T×} (20)
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is complete in 〈X,Y , I〉.
Proof: Let T× be complete in 〈X × ∗(L),Y × L, I×〉 Due to Theorem 1, it is sufficient to
show that Mod(�T×�) = Int(X∗,Y , I). We prove this fact by showing that the following
claims are equivalent for anyM ∈ LY :

(a) M ∈ Mod(�T×�),
(b) for each a ∈ L: �a∗ → M� ∈ Mod(T×),
(c) M ∈ Int(X∗,Y , I).
“(a)⇔ (b)”: Clearly, it suffices to show that for every C ⇒ D ∈ T×, M is a model of

�C� ⇒ �D� iff for each a ∈ L, �a∗ → M� is a model of C ⇒ D, i.e. that S(�C�,M)∗ ≤
S(�D�,M) iff for each a ∈ L, C ⊆ �a∗ → M� implies D ⊆ �a∗ → M�.

Observe first that C ⊆ �a∗ → M� is equivalent to a∗ ≤ S(�C�,M): Namely, C ⊆
�a∗ → M� means that for every y ∈ Y , if 〈y, b〉 ∈ C, then 〈y, b〉 ∈ �a∗ → M�, i.e.
b ≤ (a∗ → M)(y) = a∗ → M(y). Therefore, C ⊆ �a∗ → M�means that for every y ∈ Y ,∨
〈y,b〉∈C b ≤ a∗ → M(y) which holds iff for every y ∈ Y ,

a∗ ≤ (
∨
〈y,b〉∈C b)→ M(y) = �C�(y)→ M(y)

which is equivalent to a∗ ≤∧
y∈Y (�C�(y)→ M(y)) = S(�C�,M).

Since the same holds for D, to prove that (a) is equivalent to (b), it is sufficient to check
that S(�C�,M)∗ ≤ S(�D�,M) iff for every a ∈ L, a∗ ≤ S(�C�,M) implies a∗ ≤ S(�D�,M),
which is easy to see. Indeed, if S(�C�,M)∗ ≤ S(�D�,M) and a∗ ≤ S(�C�,M), then

a∗ = a∗∗ ≤ S(�C�,M)∗ ≤ S(�D�,M).

Conversely, putting a = S(�C�,M) the assumption, i.e. a∗ ≤ S(�C�,M) implies a∗ ≤
S(�D�,M), readily yields S(�C�,M)∗ ≤ S(�D�,M).

“(b)⇔ (c)”: Theorem 1 (actually, its instance for L = {0, 1}) implies that �a∗ → M� ∈
Mod(T×) iff �a∗ → M� ∈ Int(〈X × ∗(L),Y × L, I×〉).

Next, observe that �N� ∈ Int(〈X ×∗(L),Y × L, I×〉) is equivalent toN ∈ Int(X∗,Y , I).
(54) of Belohlavek and Vychodil (forthcoming-a) implies that to check this, it suffices to
check that �N� = �N��� is equivalent toN = N↓↑. Using Lemma 5, we reason as follows.
If �N� = �N���, then

N↓↑ = ����N������ = ��N���� = ��N�� = N .

Here, we used that ��P�� = P for any P ∈ LY (obvious) and ���N���� = �N�� which
holds because ���N���� = �����N��↓��� = ���N��↓� = �N�. Conversely, if N = N↓↑,
then

�N��� = �����N��↓��↑� = �N↓↑� = �N�.

Applying this observation to N = a∗ → M, we see that (b) is equivalent to that
fact that for each a ∈ L: a∗ → M ∈ Int(X∗,Y , I). The proof is complete by observing
that the fact that for each a ∈ L, we have a∗ → M ∈ Int(X∗,Y , I) is equivalent to
M ∈ Int(X∗,Y , I). Indeed, since for a = 1, we have a→ M = M, it is sufficient to observe
that ifM ∈ Int(X∗,Y , I), then a∗ → M ∈ Int(X∗,Y , I) for each a ∈ L. This follows from
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the fact that Int(X∗,Y , I) is an L∗-closure system (Belohlavek, Funiokova, and Vychodil
2005), cf. Section 3.3 of Belohlavek and Vychodil (forthcoming-a). �

The set �T×� obtained from a given T× according to Theorem 12 need not be a base of
〈X,Y , I〉 even if T× is a base of 〈X×,Y×, I×〉. Namely, as the next example shows, �T×�
may be redundant.
Example 4: Let L be the three-element Łukasiewicz chain with L = {0, 0.5, 1}, let ∗ be
the globalization, and let X = {x}, Y = {y, z}, I(x, y) = I(x, z) = 0. One may verify that
(abbreviating 〈y, a〉 by ya)

P× = {{y0, y0.5, z0}, {y0, y1, z0}, {y0, z0, z0.5}, {y0, z0, z1}, {}}

is the system of pseudo-intents of 〈X×,Y×, I×〉. Therefore,

T× = {{y0, y0.5, z0}⇒{y0, y0.5, y1, z0, z0.5, z1},
{y0, y1, z0}⇒{y0, y0.5, y1, z0, z0.5, z1},
{y0, z0, z0.5}⇒{y0, y0.5, y1, z0, z0.5, z1},
{y0, z0, z1}⇒{y0, y0.5, y1, z0, z0.5, z1},
{}⇒{y0, z0}}

is a base of 〈X×,Y×, I×〉. Clearly,

�T×� = {{0.5/y}⇒{y, z}, {y}⇒{y, z}, {0.5/z}⇒{y, z}, {z}⇒{y, z}, {}⇒{}}.

According to Theorem 12, �T×� is complete in 〈X,Y , I〉. Now, �T×� is redundant. First,
�T×� contains a trivial implication {}⇒{}which holds true in eachM ∈ LY . Furthermore,
�T×� − {{} ⇒ {}} is still redundant because implications {y} ⇒ {y, z} and {z} ⇒ {y, z}
semantically follow from

S = {{0.5/y}⇒{y, z}, {0.5/z}⇒{y, z}},

i.e. ||{y}⇒{y, z}||S = 1 and ||{z}⇒{y, z}||S = 1.
Example 4 also shows that the converse claim to that of Theorem 12 does not hold.

That is, it is not true that if a set T of graded implications is complete in 〈X,Y , I〉, then
�T� = {�A� ⇒ �B� | A⇒ B ∈ T} is complete in 〈X×,Y×, I×〉. Namely, if this were true,
then for the set S from Example 4, which is complete in 〈X,Y , I〉, the set

�S� = {{y0, y0.5, z0}⇒{y0, y0.5, y1, z0, z0.5, z1}, {y0, z0, z0.5}⇒{y0, y0.5, y1, z0, z0.5, z1}}

would be complete in 〈X×,Y×, I×〉 which it is not because �S� is a proper subset of a base
of 〈X×,Y×, I×〉, namely of T×.

The two observations, namely that �T×� may be redundant even when T× is not,
and that �T� need not be complete even when T is, have the following explanation. The
dependencies reflecting the algebraic structure L of the set of grades are implicitly taken
into account in the definition of entailment of graded implications over Y , i.e. in the
semantics using L as the structure of truth degrees, and need not be present in T . Their
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counterparts, however, are “not known” to the definition of (bivalent) semantic entailment
of ordinary implications over Y × L, and need thus be explicitly present in T×.

4. Relationship to functional dependencies over domains with similarities

In this section, we point out a connection between graded attribute implications and
certain extensions of Codd’s relational model of data. Recall that in the ordinary case,
which corresponds to L = {0, 1} in our setting, the following connection was presented in
Fagin (1977). Ordinary attribute implications have two basic interpretations, namely, as
propositional logic formulas and as functional dependencies. An attribute implication, say
{y1, y2, y3} ⇒ {z1, z2}, may be conceived as a logic formula y1&y2&y3 ⊃ z1&z2 in which yis
and zjs are propositional symbols. The semantics in this case is the standard propositional
logic semantics based on truth valuations, i.e. assignments of 0 and 1 to propositional
symbols. This semantics leads to one notion of entailment of attribute implications, the
standard propositional logic entailment. This semantics is relevant to our paper because
the truth valuations involvedmay be identifiedwith rows of tableswith yes-or-no attributes
(table entry I(x, y) equals 1 iff y is assigned 1). As a consequence, the propositional logic
semantics essentially coincideswith the semantics basedon tableswith yes-or-no attributes.
In particular, these two semantics have the same entailment relation which we denote by
|=AI. The other semantics of attribute implications comes from relational databases and is
given by interpreting attribute implicationsA⇒ B as functional dependencies in relations
(Armstrong 1974; Maier 1983). We thus have two notions of entailment: first, A⇒ Bmay
follow from a set T of implications as a propositional logic formula, T |=AI A ⇒ B; and
second, A ⇒ B may follow from T as a functional dependence, T |=FD A ⇒ B. Fagin
(1977) proved that

T |=AI A⇒ B is equivalent to T |=FD A⇒ B. (21)

Since the semantics based on tables with yes-or-no attributes, and hence the one
based on propositional logic, is a particular case of the semantics based on tables with
graded attributes developed in this paper, the following question arises: Is there a natural
extension of Codd’s relational model of data and the notion of functional dependence
in this extension for which a result analogous to (21) holds? As we show below, the
answer is positive. Formally, such an extension consists in replacing ordinary relations
in Codd’s model by L-valued relations. In particular, the domains in the extended model
are equipped with L-valued relations, such as similarity relations, replacing the ordinary
equality relations, which are implicitly present in Codd’s model and which are utilized, e.g.
in selection and other queries involvingmatch of tuples. Furthermore, relations on relation
schemes are replaced by L-valued relations, which means that a degree in L is assigned to
each tuple. Such degree is generally interpreted as a degree to which the tuple matches a
query involving the L-valued relations on domains. Therefore, the L-valued relations have
in fact the same meaning in the extended model as relations on relational schemes have
in the ordinary Codd’s model, namely they are understood as results of queries with the
provision that base relations considered as results of empty queries. The above described
extension is interesting in its own right because, as the thorough examination in Belohlavek
and Vychodil (forthcoming-b) reveals, when the L-valued relations on domains represent
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similarities, the extensionplays the same role for relational databases that support similarity
queries as Codd’s model plays for ordinary relational databases.

For brevity, we restrict to a particular case of the above-mentioned extension of Codd’s
model, which is sufficient for our purpose. Let us assume that for each attribute y of relation
scheme (attribute set) Y ,Dy denotes the domain of y and that each domainDy is equipped
with an L-relationRy . That is,Ry maps the pairs 〈d1, d2〉 ∈ Dy×Dy to gradesRy(d, d2) ∈ L,
interpreted as grades to which d1 is related to d2. A data table over domains with L-relations
on Y we mean a finite relation D between the domains Dy , i.e. D ⊆∏

y∈Y Dy .
Remark 7: (a) If we require that for every d1, d2 ∈ Dy ,

(Ref) Ry(d1, d1) = 1,
(Sym) Ry(d1, d2) = Ry(d2, d1),

Rymaynaturally beunderstood as representing similarity, i.e.Ry(d1, d2)maybe interpreted
as a degree to which d1 and d2 are similar. Furthermore, we may assume that instead of
being an ordinary relation, D is an L-relation, in which case, D(t) is naturally understood
as a degree to which the tuple t satisfies a similarity query that involves a similarity query.
For instance, assume that the query reads “show tuples with value of attribute age similar to
30”. Then, if t(age) = 33 and ifRage(30, 33) = 0.9, then the result of such query (applied to
a base relation) is naturally represented by a table D in which D(t) = 0.9. This is basically
the idea of the model presented in Belohlavek and Vychodil (forthcoming-b).

Notice that if L is the two-element Boolean algebra, i.e. L = {0, 1} and if every Ry
represents equality in that Ry(d1, d2) = 1 iff d1 = d2, the above concept may be identified
with the ordinary concept of relation on Y of Codd’s model (Codd 1970; Maier 1983).
From this point of view, while the ordinary model supports queries regarding exact match
of domain values, the similarity-based extension supports those regarding approximate
matches.

(b) IfRy is reflexive and L-transitive (Belohlavek 2002, Gottwald 2001), i.e. satisfies (Ref)
and

(Tra) Ry(d1, d2)⊗ Ry(d2, d3) ≤ Ry(d1, d3),

then Ry is naturally interpreted as a graded preference relation (Richardson 1998).
Ordinary attribute implications, when interpreted in data tables of Codd’s model,

represent functional dependencies in thismodel. In basically the sameway, graded attribute
implicatons may be interpreted in data tables over domains with L-relations and represent
a similar type of dependencies. Namely, an ordinary attribute implication A ⇒ B asserts
that the same values on attributes inA imply the same values on attributes in B. As we show
below, when the L-relations represent similarities, a graded attribute implication asserts
that similar values on attributes in A imply similar values on attributes in B.

The interpretation of graded attribute implications being introduced follows the basic
principles of predicate fuzzy logic (Gottwald 2001; Hájek 1998). Our aim is to define a
degree to which a graded implication A⇒ B is true in a tableD. First, let us define for any
two tuples t1, t2 ∈∏

y∈Y Dy ,

t1(A) ∼ t2(A) =∧
y∈Y

(
A(y)→ Ry(t1(y), t2(y))

)
. (22)
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Note that t1(A) ∼ t2(A) is the truth degree of the proposition “for every attribute y in A,
the values t1(y) and t2(y) are Ry-related” (instead of “Ry-related”, one may use “similar”
here and below to obtain the meaning of the particular case with similarity relations). The
same way we define t1(B) ∼ t2(B). The degree ||A⇒ B||D to which A⇒ B is true in D is
defined by

||A⇒ B||D =∧
t1,t2∈D

(
(t1(A) ∼ t2(A))∗ → (t1(B) ∼ t2(B))

)
. (23)

According to the principles of fuzzy logic, ||A⇒ B||D is the truth degree of the proposition
“for every two tuples t1, t2 ∈ X: if it is (very) true that t1 and t2 haveRy-related (e.g. similar)
values on attributes from A then t1 and t2 have Ry-related (similar) values on attributes
from B”.
Remark 8:

(a) One may easily observe that if L = {0, 1} and if every Ry represents identity, (23)
becomes the definition of validity of ordinary functional dependencies in ordinary
relations. Furthermore, if every Ry is reflexive and transitive, and thus represents a
preference, we obtain the definition of validity of ordinal dependencies (Ganter and
Wille 1999).

(b) The hedge ∗ in (23) has a similar role as in Definition 2 of Belohlavek and Vychodil
(forthcoming-a). In particular, if ∗ is the globalization, see (33) of Belohlavek and
Vychodil (forthcoming-a), then if Rys represent similarities, an implication such
as {a1/y1, . . . , ap/yp} ⇒ {b1/z1, . . . , bq/zq}, is fully true, i.e. true to degree 1, in D iff
similarity to degrees ai or higher on attributes yi implies similarity to degrees bi
or higher on attributes zi, as mentioned in Section 1 of Belohlavek and Vychodil
(forthcoming-a). For more information, we refer again to Belohlavek and Vychodil
(forthcoming-b).

(c) In the literature, several approaches to a relational model over domains with sim-
ilarities and the corresponding functional dependencies have been proposed, Raju
and Majumdar (1988) being among the first ones. As a rule, these approaches lack
a clear connection to an underlying logic calculus such as the predicate logic in
case of the ordinary Codd’s model or predicate fuzzy logic as in our case. For an
overview and comparison of these approaches, we refer the reader to Belohlavek
and Vychodil (2011).

In the rest of this section, we denote by ||A ⇒ B||AIT the degree to which the graded
attribute implication A ⇒ B follows from a fuzzy set T of graded implications in the
semantics given by tables with graded attributes, as defined by (43) of Belohlavek and
Vychodil (forthcoming-a), i.e.

||A⇒ B||AIT =∧
M∈Mod(T) ||A⇒ B||M .

In much the same way, we define the degree of entailment ||A ⇒ B||FDT in which
implications are conceived as functional dependencies in data tables over domains with
L-relations:

||A⇒ B||FDT =∧
M∈ModFD(T) ||A⇒ B||M (24)



INTERNATIONAL JOURNAL OF GENERAL SYSTEMS 87

where
ModFD(T) = {D | for each A,B ∈ LY : T(A⇒ B) ≤ ||A⇒ B||D}.

denotes the set of models of T , i.e. data tables in which eachA⇒ B holds to a degree larger
than or equal to the degree prescribed by the theory T .

To answer the question about the relationship between the two concepts of entailment,
we need the next two lemmata. Let us define for a given 〈X,Y , I〉 a data table D〈X,Y ,I〉 as
follows:

• for each y ∈ Y , let Dy = X ∪ X ′ where X ′ = {x′ | x ∈ X} (i.e. X ∩ X ′ = ∅ and
|X| = |X ′|);

• for x1, x2 ∈ Dy , let

Ry(x1, x2) =
{
1 for x1 = x2,
I(z1, y) ∧ I(z2, y) for x1 �= x2, xi = zi(′) for zi ∈ X (i = 1, 2),

where xi = zi(′) means that xi is zi or z′i ;
• D = {tx | x ∈ X ∪X ′} where tx is the tuple in ∏

y∈Y Dy for which tx(y) = x for every
y ∈ Y .

As the following lemma shows, degrees of validity in 〈X,Y , I〉 coincide with those in
D〈X,Y ,I〉.
Lemma 6: For every data table 〈X,Y , I〉 with graded attributes and any graded attribute
implication A⇒ B,

||A⇒ B||〈X,Y ,I〉 = ||A⇒ B||D〈X,Y ,I〉 . (25)

Proof: Let us first observe that

(a) (a∗1 → b1) ∧ (a∗2 → b2) ≤ (a1 ∧ a2)∗ → (b1 ∧ b2) for any a1, a2, b1, b2 ∈ L;
(b) tx1(C) ∼ tx2(C) = S(C, Iz1) ∧ S(C, Iz2) for any C ∈ LY and any x1 �= x2 such that

x1 = z1(′), x2 = z2(′) for some z1, z2 ∈ X;
(c) tx(C) ∼ tx(C) = 1 for x ∈ X ∪ X ′.
Indeed, due to adjointness, (a) is equivalent to (a1 ∧ a2)∗ ⊗ ((a∗1 → b1) ∧ (a∗2 →

b2)) ≤ b1∧ b2 which holds iff (a1∧ a2)∗ ⊗ ((a∗1 → b1)∧ (a∗2 → b2)) ≤ b1 and≤ b2. Both
inequalities are true.Namely, (a1∧a2)∗⊗((a∗1 → b1)∧(a∗2 → b2)) ≤ a∗1⊗(a∗1 → b1) ≤ b1
and similarly for b2.

Since Izi(y) = I(zi, y), we have

tx1(C) ∼ tx2(C) = ∧
y∈Y

(
C(y)→ Ry(tx1(y), tx2(y))

)
= ∧

y∈Y (C(y)→ Ry(x1, x2)) =∧
y∈Y (C(y)→ (I(z1, y) ∧ I(z2, y)))

= ∧
y∈Y (C(y)→ I(z1, y)) ∧∧

y∈Y (C(y)→ I(z2, y))
= S(C, Iz1) ∧ S(C, Iz2),

establishing (b). (c) is evident.
Let for brevity D = D〈X,Y ,I〉. We obtain

||A⇒ B||D = ∧
t1,t2∈D

(
(t1(A) ∼ t2(A))∗ → (t1(B) ∼ t2(B))

)
= ∧

x1,x2∈X∪X ′
(
(tx1(A) ∼ tx2(A))∗ → (tx1(B) ∼ tx2(B))

) = α ∧ β ∧ γ ,
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where

α =∧
x1,x2∈X∪X ′,x1=x2

(
(tx1(A) ∼ tx2(A))∗ → (tx1(B) ∼ tx2(B))

) = 1

on account of (c),

β = ∧
x1,x2∈X∪X ′,{x1,x2}={z,z′}

(
(tx1(A) ∼ tx2(A))∗ → (tx1(B) ∼ tx2(B))

)
= ∧

z∈X
(
(S(A, Iz) ∧ S(A, Iz))∗ → (S(B, Iz) ∧ S(B, Iz))

)
= ∧

z∈X
(
S(A, Iz)∗ → S(B, Iz)

) = ||A⇒ B||〈X,Y ,I〉
on account of (b), and

γ =
∧

{x1,x2}={z1(′),z2(′)},z1 �=z2

(
(tx1(A) ∼ tx2(A))∗ → (tx1(B) ∼ tx2(B))

)

=
∧

{x1,x2}={z1(′),z2(′)},z1 �=z2

(
(S(A, Iz1) ∧ S(A, Iz2))

∗ → (S(B, Iz1) ∧ S(B, Iz2))
)

≥
∧

{x1,x2}={z1(′),z2(′)},z1 �=z2

([(S(A, Iz1)∗ → S(B, Iz1)) ∧ (S(A, Iz2)
∗ → S(B, Iz2))]

)

= ∧
z∈X

(
S(A, Iz)∗ → S(B, Iz)

) = β

on account of (b) and (a). Therefore,

||A⇒ B||D〈X,Y ,I〉 = β = ||A⇒ B||〈X,Y ,I〉,

completing the proof. �
Conversely, for a given table over domains with L-relations D, define a table 〈X,Y , I〉D

as follows:

– X = D ×D;
– for 〈t1, t2〉 ∈ X and y ∈ Y , let I(〈t1, t2〉, y) = Ry(t1(y), t2(y)).

As in the previous case, D and 〈X,Y , I〉D yield the same truth degrees of attribute
implications:
Lemma 7: For every ranked data table D and any graded attribute implication A⇒ B,

||A⇒ B||D = ||A⇒ B||〈X,Y ,I〉D . (26)

Proof: Notice first that

(t1(A) ∼ t2(A)) = ∧
y∈Y (A(y)→ Ry(t1(y), t2(y)))

= ∧
y∈Y (A(y)→ I(〈t1, t2〉, y)) = S(A, I〈t1,t2〉),

and the same for B. We therefore get

||A⇒ B||D = ∧
t1,t2∈D

([t1(A) ≈ t2(A)]∗ → [t1(B) ≈ t2(B)])
= S(A, I〈t1,t2〉)∗ → S(B, I〈t1,t2〉) = ||A⇒ B||〈X,Y ,I〉D . �
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The following theorem answers the question from the beginning of this section.
Theorem 13: For every fuzzy set T of graded attribute implications and every graded
attribute implication A⇒ B, we have

||A⇒ B||FDT = ||A⇒ B||AIT . (27)

Proof: We need to prove ||A ⇒ B||FDT ≤ ||A ⇒ B||AIT and ||A ⇒ B||FDT ≥ ||A ⇒ B||AIT .
To check the first inequality, it is enough to show that for each M ∈ Mod(T), there
is D ∈ ModFD(T) such that ||A ⇒ B||M = ||A ⇒ B||D . This follows directly from
Lemma 6 by taking D = D〈X,Y ,I〉, where 〈X,Y , I〉 is a one-row data table corresponding
to M, i.e. with X = {x} and I(x, y) = M(y) for each y ∈ Y . Namely, we then have
||A ⇒ B||M = ||A ⇒ B||〈X,Y ,I〉 = ||A ⇒ B||D . The second inequality is proved in a
similar manner using Lemma 7.

�
Remark 9: The tables 〈X,Y , I〉D and D〈X,Y ,I〉 constructed from D and 〈X,Y , I〉, respec-
tively, are not minimal in size. We use them because their definitions are relatively simple
and they do their work in the proofs of Lemmas 6 and 7.

5. Conclusions

We presented an approach to attribute dependencies for data with grades, such as a grade
to which an object is red or a grade to which two objects are similar. Such dependencies
extend classical dependencies in Boolean data and classical functional dependencies. We
presented results regarding major issues traditionally investigated for such dependencies,
including entailment, redundancy andbases of dependencies, associated closure structures,
Armstrong-like axiomatization, and computation issues. In addition, we examined a
relationship between the new kind of dependencies and the classical ones and showed
that the well-known correspondence between attribute dependencies in Boolean data on
the one hand and functional dependencies in relational model of data on the other hand is
retained in the setting with grades but obtains a non-trivial, interesting form. Namely, in
the settingwith grades, the role of functional dependencies is played by their analogue in an
extended relational model in which every domain is equipped with a similarity relation, or
a more general binary relation, assigning grades of similarity to pairs of domain elements.

In addition, the paper attempts to make a methodological point, the ramifications of
which we consider equally important as the results mentioned in the above paragraph.
The point is the following. Classical dependencies are based in classical logic in that the
truth value true (1) represents presence of an attribute andmatch of attribute values, while
false (0) represents absence and mismatch. Moreover, the truth values are manipulated by
classical logic connectives and further notions such as validity and entailment of depen-
dencies are derived from classical logic notions. Broadly speaking, classical dependencies
are founded in the agenda of classical logic.

The presence of possibly many grades in the new situation and the ordinal nature
of grades make the situation challenging and prone to ad hoc treatments, involving, for
instance, metrics representing similarities. Thus, one might attempt to retain the agenda
of classical logic, extend the formalism of classical dependencies by a metric (distance
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function) to represent similarity, and arrive at a blend of a logic-based formalism and a
metric-based one. Instead, our approach – like the classical one – is purely logically based,
yet capable of handling grades and their semantics in a reasonable way. We consider the
grades as truth values in the sense of fuzzy logic, i.e. consider them as truth degrees with
1 and 0 representing the boundary cases and the other ones, such as 0.8, as representing
intermediary cases. In a sense, we move to a more general framework, a logical calculus
in which statements such as “attribute y applies to object x” and “objects x1 and x2 are
similar (equal)” are no longer considered bivalent. Rather, these statements are allowed to
be assigned, in addition to 0 and 1, an intermediary grade, i.e. a truth degree between 0
and 1. Such move can effectively be realized. Namely, we argue that data involving grades
and reasoning about such data can be modelled utilizing a framework of mathematical
fuzzy logic, a recently developed many-valued logic with now well-developed agenda
and that this logic may assume the role classical logic plays in the established theories
of data dependencies and reasoning about data in general. The main advantage of this
approach is conceptual clarity. On the level of syntax, the key notions in the model with
grades have essentially the same form as in the classical, bivalent case. This means that
the informal description of the key notions in natural language, and hence the intuitive
meaning of the key notions, remains essentially the same as in the classical model. Yet,
on the level of semantics, grades obtain a proper treatment and permeat the subsequent
notions such as validity and entailment in a natural way. Thus, for instance, validity
or entailment of dependencies are no longer bivalent concepts. Rather, they naturally
emerge as graded notions. One obtains a degree of validity or degree of entailment of
dependencies, corresponding to the idea that a compound statement (such as a dependency
claim) involving partially true constituent statements (such as “attribute y applies to object
x”) may itself be only partially true, i.e. true to an intermediary degree.

To sum up, utilization of mathematical fuzzy logic as a formal framework for modelling
data with grades brings conceptual clarity and makes possible a treatment of attribute
dependencies essentially the same way as utilization of classical logic does for data with no
intermediary grades. Clearly, the presented approach is not restricted to the problems dealt
with in the present paper. In this respect, our paper demonstrates that fuzzy logic is a con-
venient framework for modelling certain problems that surpass the domain traditionally
accounted for by classical logic, namely those that may be characterized by a graded nature
of data and reasoning about such data. Such problems abound particularly in situations
where human judgement is involved, for which the usage of graded, “fuzzy” notions, such
as red, tall, similar, rather than bivalent ones, is characteristic. A further development of
theories and methods inspired by such problems presents a challenging and important
research goal.

The associated research agenda includes several complex issues, some of which we
intentionally disregarded in the present paper. One such issue is connected to the fact that
the theory we present is not restricted to a particular set of grades and particular (truth
functions of) logical connectives on this set. Rather, we proceed in a general way and only
assume that the set L of grades and the logical connectives on L satisfy certain logically
reasonable conditions such as the isotony of conjunction, its commutativity, associativity
and the like. In a sense, the presented theory is qualitative and open to determination of
a quantitative component. Clearly, the choice of this component, i.e. a particular set L
and particular connectives on L, is a step one needs to make when applying the theory.
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One option in making this step is to proceed on intuitive grounds, which is often the case
in applications of fuzzy logic. In fact, there is an argument for considering such option
sufficient for practical purpose, namely that the common qualitative properties of all the
potential sets of logical connectives are specific enough to the extent that all the sets of
connectives can be considered reasonable for practical purpose. Still, such option may
arguably be regarded as too much ad hoc. In fact, the choice of a scale of grades and logical
connectives for this scale is amatter that calls for a thorough examination from the point of
view of a mathematical and cognitive psychology. In our view, such examination presents
challenging problems with broad ramifications and is very much needed.
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