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Abstract— We present a method for computation of non-redundant
bases of attribute implications from data tables with fuzzy attributes.
Attribute implications are formulas describing particular dependencies
of attributes in data. A non-redundant basis is a minimal set of attribute
implications such that each attribute implication which is true in a
given data (semantically) follows from the basis. Our bases are uniquely
given by so-called systems of pseudo-intents. Pseudo-intents are particular
granules in data tables. We reduce the problem of computing systems of
pseudo-intents to the problem of computing maximal independent sets in
certain graphs. We present theoretical foundations, the algorithm, and
demonstrating examples.

I. I NTRODUCTION

Fuzzy attribute implications are formulas of a formA ⇒ B
which describe particular dependencies in data tables. Among all
the implications which are true in a given table, there is a lot of
them which are trivial and a lot of them which can be removed
since they are entailed by the others. Therefore, it is desirable to
look for methods for obtaining non-redundant bases, i.e. minimal
sets of attribute implications such that all implications which are true
in a given data table semantically follow from the basis. In case
of data tables with binary attributes (tables containing0’s and 1’s),
an algorithm for computation of non-redundant bases is known, see
[11], [13]. For data tables with fuzzy attributes (tables containing
degrees, e.g. reals from[0, 1]), non-redundant bases of implications
determined by so-called systems of pseudo-intents are described in
[6], [9]. For a particular case when a hedge (a unary logical function
used in the definition of validity of attribute implications) is a so-
called globalization on a finite scale of truth degrees, there is a unique
system of pseudo-intents and an algorithm for the computation of the
corresponding non-redundant basis was presented in [6]. For general
hedges, however, there might be several systems of pseudo-intents
of a given table with fuzzy attributes. Up to now, it was not known
how to compute the systems of pseudo-intents and the corresponding
non-redundant bases for other hedges than globalization.

In the present paper, we show an algorithm to compute systems
of pseudo-intents and the corresponding non-redundant bases for a
general case (i.e., for any hedge). The pseudo-intents can be thought
of as particular granules in data which can be used to determine a
minimal fully informative set of attribute implications. The algorithm
is based on a theorem according to which the systems of pseudo-
intents correspond to maximal independent sets in a particular graph.
We present theoretical foundations, the algorithm, its relationship to
previously published algorithm [6] which works for a hedge being
globalization, and demonstrating examples. Preliminary results on
this topic were presented in [10].

II. PRELIMINARIES

Fuzzy logic and fuzzy set theory are formal frameworks for a
manipulation of a particular form of imperfection called fuzziness
(vagueness). Contrary to classical logic, fuzzy logic uses a scale
L of truth degrees, a most common choice beingL = [0, 1] (real

unit interval) or some subchain of[0, 1]. This enables us to consider
intermediate truth degrees of propositions, e.g. “objectx has attribute
y” has a truth degree0.8 indicating that the proposition is almost true.
In addition to a setL of truth degrees, one has to pick an appropriate
collection of logical connectives (implication, conjunction, . . . ). A
general choice of a set of truth degrees plus logical connectives
is represented by so-called complete residuated lattices (equipped
possibly with additional operations). The rest of this section presents
an introduction to fuzzy logic notions we need in the sequel. Details
can be found e.g. in [4], [12], [14], a good introduction to fuzzy logic
and fuzzy sets is presented in [17].

A complete residuated lattice with a truth-stressing hedge (shortly,
a hedge) [14], [15] is an algebraL = 〈L,∧,∨,⊗,→, ∗, 0, 1〉 such
that 〈L,∧,∨, 0, 1〉 is a complete lattice with0 and1 being the least
and greatest element ofL, respectively;〈L,⊗, 1〉 is a commutative
monoid (i.e.⊗ is commutative, associative, anda⊗ 1 = 1⊗ a = a
for eacha ∈ L); ⊗ and→ satisfy so-called adjointness property:
a⊗ b ≤ c iff a ≤ b → c for eacha, b, c ∈ L; hedge∗ satisfies

1∗ = 1, (1)
a∗ ≤ a, (2)

(a → b)∗ ≤ a∗ → b∗, (3)
a∗∗ = a∗, (4)

for eacha, b ∈ L, ai ∈ L (i ∈ I). Elementsa of L are called
truth degrees.⊗ and→ are (truth functions of) “fuzzy conjunction”
and “fuzzy implication”. Hedge∗ is a (truth function of) logical
connective “very true”, see [14], [15]. Properties (2)–(4) have natural
interpretations, e.g. (2) can be read: “ifa is very true, thena is true”,
(3) can be read: “ifa → b is very true and ifa is very true, thenb
is very true”, etc.

A common choice ofL is a structure withL = [0, 1] (unit interval),
∧ and∨ being minimum and maximum,⊗ being a left-continuous
t-norm with the corresponding→. Three most important pairs of
adjoint operations on the unit interval are:

Łukasiewicz:
a⊗ b = max(a + b− 1, 0),

a → b = min(1− a + b, 1),
(5)

Gödel:
a⊗ b = min(a, b),

a → b =


1 if a ≤ b,
b otherwise,

(6)

Goguen (product):
a⊗ b = a · b,

a → b =


1 if a ≤ b,
b
a

otherwise.
(7)

In applications, we usually need a finite linearly orderedL. For
instance, one can putL = {a0 = 0, a1, . . . , an = 1} ⊆ [0, 1]
(a0 < · · · < an) with ⊗ given by ak ⊗ al = amax(k+l−n,0) and
the corresponding→ given by ak → al = amin(n−k+l,n). Such an
L is called a finite Łukasiewicz chain. Another possibility is a finite



Gödel chain which consists ofL and restrictions of G̈odel operations
on [0, 1] to L.

Two boundary cases of (truth-stressing) hedges are (i) identity, i.e.
a∗ = a (a ∈ L); (ii) globalization [19]:

a∗ =


1 if a = 1,
0 otherwise.

(8)

A special case of a complete residuated lattice with hedge is the two-
element Boolean algebra〈{0, 1},∧,∨,⊗,→, ∗, 0, 1〉, denoted by2,
which is the structure of truth degrees of the classical logic. That is,
the operations∧,∨,⊗,→ of 2 are the truth functions (interpretations)
of the corresponding logical connectives of the classical logic and
0∗ = 0, 1∗ = 1.

Having L, we define usual notions: anL-set (fuzzy set)A in
universeU is a mappingA : U → L, A(u) being interpreted as “the
degree to whichu belongs toA”. If U = {u1, . . . , un} thenA can
be denoted byA = {a1/u1, . . . ,

an/un} meaning thatA(ui) equals
ai for eachi = 1, . . . , n. For brevity, we introduce the following
convention: we write{. . . , u, . . . } instead of{. . . , 1/u, . . . }, and
we also omit elements ofU whose membership degree is zero. For
example, we write{u, 0.5/v} instead of{1/u, 0.5/v, 0/w}, etc. Let
LU denote the collection of allL-sets inU . The operations with
L-sets are defined componentwise. For instance, the intersection of
L-setsA, B ∈ LU is anL-setA ∩B in U such that(A ∩B)(u) =
A(u) ∧B(u) for eachu ∈ U , etc. BinaryL-relations (binary fuzzy
relations) betweenX and Y can be thought of asL-sets in the
universeX × Y . That is, a binaryL-relationI ∈ LX×Y between a
setX and a setY is a mapping assigning to eachx ∈ X and each
y ∈ Y a truth degreeI(x, y) ∈ L (a degree to whichx and y are
related byI).

Given A, B ∈ LU , we define a subsethood degree

S(A, B) =
V

u∈U

`
A(u) → B(u)

´
, (9)

which generalizes the classical subsethood relation⊆. S(A, B)
represents a degree to whichA is a subset ofB. In particular, we
write A ⊆ B iff S(A, B) = 1. As a consequence,A ⊆ B iff
A(u) ≤ B(u) for eachu ∈ U .

In the following we use well-known properties of residuated
lattices and fuzzy structures which can be found in monographs [4],
[14]. Throughout the rest of the paper,L denotes an arbitrary
complete residuated lattice with a hedge.

III. F UZZY ATTRIBUTE LOGIC

A. Fuzzy attribute implications and their validity

We first introduce attribute implications. SupposeY is a finite set
of attributes. A (fuzzy) attribute implication(over attributesY ) is an
expressionA ⇒ B, whereA, B ∈ LY (A and B are fuzzy sets
of attributes). The intended meaning ofA ⇒ B is: “if it is (very)
true that an object has all attributes fromA, then it has also all
attributes fromB” with the logical connectives being given byL.
A fuzzy attribute implication does not have any kind of “validity”
on its own—it is a syntactic notion. In order to consider validity,
we must introduce an interpretation of fuzzy attribute implications.
Fuzzy attribute implications are meant to be interpreted in data tables
with fuzzy attributes [6], [7], [9]. A data table with fuzzy attributes
can be seen as a tripletT = 〈X, Y, I〉 whereX is a set of objects,
Y is a finite set of attributes (the same as above in the definition of
a fuzzy attribute implication), andI ∈ LX×Y is a binaryL-relation
betweenX andY assigning to each objectx ∈ X and each attribute
y ∈ Y a degreeI(x, y) to which x hasy. T = 〈X, Y, I〉 can be
thought as a table with rows and columns corresponding to objects

x ∈ X and attributesy ∈ Y , respectively, and table entries containing
degreesI(x, y). A row of a tableT = 〈X, Y, I〉 corresponding to
an objectx ∈ X can be seen as a fuzzy setIx of attributes to which
an attributey ∈ Y belongs to a degreeIx(y) = I(x, y). For fuzzy
setM ∈ LY of attributes, we define adegree||A ⇒ B||M ∈ L to
which A ⇒ B is true in M by

||A ⇒ B||M = S(A, M)∗ → S(B, M). (10)

It is easily seen that ifM is a fuzzy set of attributes of some object
x then ||A ⇒ B||M is the degree to which “if it is (very) true that
x has all attributes fromA thenx has all attributes fromB”. For a
systemM of L-sets inY , define a degree||A ⇒ B||M to which
A ⇒ B is true in (eachM from) M by

||A ⇒ B||M =
V

M∈M ||A ⇒ B||M . (11)

Finally, given a data tableT = 〈X, Y, I〉 and puttingM = {Ix |x ∈
X}, ||A ⇒ B||M is adegree to which it is true thatA ⇒ B is true in
each row of tableT , i.e. a degree to which “for each objectx ∈ X:
if it is (very) true thatx has all attributes fromA, then x has all
attributes fromB”. This degree is denoted by||A ⇒ B||〈X,Y,I〉 and
is called adegree to whichA ⇒ B is true in T = 〈X, Y, I〉.

B. Completeness and non-redundant bases

Let T = 〈X, Y, I〉 be a data table with fuzzy attributes and letT
be a set of fuzzy attribute implications.M ∈ LY is called amodel
of T if ||A ⇒ B||M = 1 for eachA ⇒ B ∈ T . The set of all
models ofT is denoted byMod(T ). A degree||A ⇒ B||T to which
A ⇒ B semantically followsfrom T is defined by

||A ⇒ B||T = ||A ⇒ B||Mod(T ). (12)

T is calledcomplete(in T = 〈X, Y, I〉) if ||A ⇒ B||T = ||A ⇒
B||〈X,Y,I〉, i.e. if a degree to whichT entailsA ⇒ B coincides with
a degree to whichA ⇒ B is true in 〈X, Y, I〉, for eachA ⇒ B.
If T is complete and no proper subset ofT is complete, thenT is
called anon-redundant basis(of T = 〈X, Y, I〉). Note that both the
notions of a complete set and a non-redundant basis refer to a given
data table with fuzzy attributes.

C. Fuzzy concept lattices with hedges

Given a data table with fuzzy attributesT = 〈X, Y, I〉, for A ∈
LX , B ∈ LY (i.e. A is a fuzzy set of objects,B is a fuzzy set of
attributes), we define fuzzy setsA↑ ∈ LY (fuzzy set of attributes),
B↓ ∈ LX (fuzzy set of objects) by

A↑(y) =
V

x∈X

`
A(x)∗ → I(x, y)

´
, (13)

B↓(x) =
V

y∈Y

`
B(y) → I(x, y)

´
. (14)

We put

B(X∗, Y, I) = {〈A, B〉 ∈ LX× LY |A↑ = B, B↓ = A}

and define for〈A1, B1〉, 〈A2, B2〉 ∈ B(X∗, Y, I) a binary relation
≤ by 〈A1, B1〉 ≤ 〈A2, B2〉 iff A1 ⊆ A2 (or, iff B2 ⊆ B1;
both ways are equivalent). Operators↓, ↑ form so-called Galois
connection with hedge, see [8]. The structure〈B(X∗, Y, I),≤〉 is
called afuzzy concept latticeinduced byT = 〈X, Y, I〉. The elements
〈A, B〉 of B(X∗, Y, I) are naturally interpreted as concepts (clusters)
hidden in the input data represented byI. Namely, A↑ = B and
B↓ = A say thatB is the collection of all attributes shared by
all objects fromA, and A is the collection of all objects sharing
all attributes fromB. Note that these conditions represent exactly
the definition of a concept as developed in the so-called Port-Royal



logic; A and B are called theextentand theintent of the concept
〈A, B〉, respectively, and represent the collection of all objects and all
attributes covered by the particular concept. Furthermore,≤ models
the natural subconcept-superconcept hierarchy—concept〈A1, B1〉 is
a subconcept of〈A2, B2〉 iff each object fromA1 belongs toA2

(dually for attributes).

D. Systems of pseudo-intents

Defnition 1: Given a data table with fuzzy attributesT =
〈X, Y, I〉, a system of fuzzy sets of attributesP ⊆ LY is called
a system of pseudo-intents ofT if for eachP ∈ LY we have:

P ∈ P iff P 6= P ↓↑ and for eachQ ∈ P such thatQ 6= P

we have||Q ⇒ Q↓↑||P = 1. (15)

The following property of pseudo-intents was proved in [9]:

Theorem 1:Let T = 〈X, Y, I〉 be a data table with fuzzy at-
tributes. IfP is a system of pseudo-intents ofT then

T = {P ⇒ P ↓↑ |P ∈ P} (16)

is a non-redundant basis ofT .

If ∗ is globalization, there is a unique system of pseudo-intents and
an efficient algorithm exists for its computation [6]. In what follows
we will be concerned with the case of a general∗.

IV. COMPUTING NON-REDUNDANT BASES

For any data table with fuzzy attributesT = 〈X, Y, I〉 we define
a setV of L-sets of attributes by

V = {P ∈ LY |P 6= P ↓↑}. (17)

Now, in case of emptyV , there is exactly one system of pseudo-
intents:

Lemma 1: If V defined by (17) is empty thenP = ∅ is the only
system of pseudo-intents ofT = 〈X, Y, I〉.
Proof: If V = ∅ thenP = ∅ trivially satisfies (15). The rest of the
claim follows from the fact that each system of pseudo-intents is a
subset ofV .

Note that the case of emptyV is not interesting from the user’s
point of view: V = ∅ means that anyL-set of attributes is an intent
of some cluster extracted fromT = 〈X, Y, I〉. In other words, any
L-set of attributes forms a cluster inT . Thus, in the sequel we will
be interested in systems of pseudo-intents forV 6= ∅. For nonempty
V we define a binary relationE on V by

E = {〈P, Q〉∈ V |P 6= Q and ||Q ⇒ Q↓↑||P 6= 1}. (18)

In case of nonemptyV , G = 〈V, E ∪ E−1〉 is a graph. For any
Q ∈ V andP ⊆ V define the following subsets ofV :

Pred(Q) = {P ∈ V | 〈P, Q〉 ∈ E},
Pred(P) =

S
Q∈P Pred(Q).

Described verbally,Pred(Q) is a set of all elements fromV which
are predecessors ofQ (in E). Pred(P) is a set of all predecessors
of any Q ∈ P.

Lemma 2:Let ∅ 6= P ⊆ LY . If V − P = Pred(P) thenP is a
maximal independent set inG.

Proof: P is independent: TakeP, Q ∈ P. If 〈P, Q〉 ∈ E, we would
obtainP ∈ Pred(Q), i.e. P ∈ Pred(P) = V −P which contradicts
the fact thatP ∈ P.

{}

{0.5/z} {z}

{0.5/y, 0.5/z} {0.5/y, z}

{y}

{}

{0.5/z} {z}

{0.5/y, 0.5/z} {0.5/y, z}

{y}

Fig. 1. Graphs induced by data table from Example 1

P is maximal: TakeQ ∈ V such thatQ 6∈ P. SinceQ ∈ V − P
and V − P = Pred(P), there isP ∈ P such thatQ ∈ Pred(P ),
i.e. 〈Q, P 〉 ∈ E. Hence,Q cannot be added toP without loosing
the independence.

Theorem 2:Let P ⊆ LY . P is a system of pseudo-intents iff
V − P = Pred(P).

Proof: “⇒”: Let P be a system of pseudo-intents. We prove both
inclusions ofV − P = Pred(P). Observe that forP, Q ∈ P we
have〈P, Q〉 6∈ E because eitherP = Q, or P 6= Q and thus||Q ⇒
Q↓↑||P = 1 by (15). Therefore,P 6∈ Pred(Q) for eachP, Q ∈ P,
i.e. P 6∈ Pred(P) for eachP ∈ P. Thus, forP ∈ Pred(P) we have
P 6∈ P, which givesP ∈ V −P. We have shownPred(P) ⊆ V −P.
Conversely, takeP ∈ V − P, i.e. P 6= P ↓↑ and P 6∈ P. SinceP
is a system of pseudo-intents, there isQ ∈ P such thatP 6= Q and
||Q ⇒ Q↓↑||P 6= 1, i.e. 〈P, Q〉 ∈ E. That is,P ∈ Pred(Q) where
Q ∈ P, yielding P ∈ Pred(P). Thus, we haveV −P ⊆ Pred(P).
Altogether,V − P = Pred(P).

“⇐”: Suppose we haveV − P = Pred(P). Take anyP ∈ LY .
We haveP ∈ P iff P ∈ V and P 6∈ V − P = Pred(P) which is
true iff P 6= P ↓↑ and〈P, Q〉 6∈ E for all Q ∈ P. The latter is true iff
P 6= P ↓↑ and, for eachQ ∈ P, if P 6= Q then ||Q ⇒ Q↓↑||P = 1.
SinceP ∈ LY was taken arbitrarily, (15) gives thatP is a system
of pseudo-intents.

Lemma 2 and Theorem 2 yield

Corollary 1: P 6= ∅ is a system of pseudo-intents iffP is a
maximal independent set inG such thatV − P = Pred(P).

Remark 1:Corollary 1 provides a way to compute systems of
pseudo-intents. It suffices to find all maximal independent sets in
G and check which of them satisfy additional conditionV − P =
Pred(P) (this property can be checked during the generating of
maximal independent sets). The procedure is illustrated by the
following example. For more examples see Section V.

Example 1:Let L be a three-element Łukasiewicz chain withL =
{0, 0.5, 1}, and ∗ being identity. Consider a data table with fuzzy
attributesT = 〈X, Y, I〉 whereX = {x}, Y = {y, z}, I(x, y) =
0.5, andI(x, z) = 0. For T , V defined by (17) is the following

V = {{}, {0.5/z}, {z}, {0.5/y, 0.5/z}, {0.5/y, z}, {y}}.



procedure: UPDATE
input: sequenceS = P0, . . . , Pk

output: sequenceS′

vacateS′, set i to 1
while i ≤ k:

if 〈Pi, P0〉 6∈ E:
appendPi to S′

set i to i + 1

algorithm: GBASIS
input: E ⊆ V×V , sequenceS
output: subsetP ⊆ V

setP to ∅
while S is not empty:

add the first element ofS to P
setS to UPDATE(S)

Fig. 2. Procedure UPDATE and algorithm GBASIS

The corresponding binary relationE defined by (18) is depicted in
Fig. 1 (top); graphG = 〈V, E ∪E−1〉 is depicted in Fig. 1 (bottom).
G contains four maximal independent sets:

P1 = {{}, {0.5/y, z}, {y}}, P3 = {{z}, {y}},
P2 = {{0.5/z}, {y}}, P4 = {{0.5/y, 0.5/z}, {y}}.

Observe thatP1 andP3 do not satisfyV − Pi = Pred(Pi) (i ∈
{1, 3}) because{0.5/y, 0.5/z} 6∈ Pred(Pi) (i ∈ {1, 3}), and {} 6∈
Pred(P3). Thus,P1 andP3 are not systems of pseudo-intents ofT
due to Theorem 2. On the other hand,V − Pi = Pred(Pi) for i ∈
{2, 4}, i.e.P2 andP4 are systems of pseudo-intents ofT . The non-
redundant basesT2 andT4 of T given byP2 andP4 (see Theorem 1)
are the following:

T2 = {{0.5/z}⇒{y, 0.5/z}, {y}⇒{y, 0.5/z}},
T4 = {{0.5/y, 0.5/z}⇒{y, 0.5/z}, {y}⇒{y, 0.5/z}}.

To sum up, forT there are two distinct systems of pseudo-intents.

In case of globalization on finiteL, for each data table with fuzzy
attributes there is exactly one system of pseudo-intents, see [6], [9].
We now show that for globalization,P can be found using algorithm
GBASIS (see Fig. 2) which uses the above-described graph procedure
but takes advantage of a special nature of globalization: in order to
find the basis, it suffices to traverse through the nodes of a graph in
lexical order. The following lemma characterizes basic properties of
GBASIS.

Lemma 3:Let ∗ be globalization on a finite residuated latticeL,
T = 〈X, Y, I〉 be a data table with fuzzy attributes,V be defined by
(17), E be defined by (18),S be a sequence of lexically ordered
elements ofV . Whenever GBASIS reaches the beginning of the
while-loop, the following conditions are true:

(i) if V −Q = Pred(Q) thenP ⊆ Q;
(ii) S consists of lexically ordered elements of(V −P)−Pred(P).

Proof: The proof is technically involved. Due to lack of space we
postpone the proof to a forthcoming paper.

Now, we have the following characterization:

Theorem 3:If ∗ is globalization on a finite residuated lattice then
for each data table with fuzzy attributes there is exactly one system
of pseudo-intents. Moreover, the system of pseudo-intents can be
computed by GBASIS.

TABLE I
DATA TABLE WITH FUZZY ATTRIBUTES

size distance
small large far near

Mercury 1 0 0 1

Venus 1 0 0 1
Earth 1 0 0 1

Mars 1 0 0.5 1
Jupiter 0 1 1 0.5

Saturn 0 1 1 0.5

Uranus 0.5 0.5 1 0
Neptune 0.5 0.5 1 0

Pluto 1 0 1 0

0.

0.

1.
2.

2.

3.
4.
5.
6.
7.
8.
9.

9.

10.
11.
12.

12
.

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

34
.

35.
36.
37.
38.
39.
40.
41.
42.

Proof: Let V be defined by (17),E be defined by (18), andS be a
sequence of lexically ordered elements ofV . Observe that for such
S, GBASIS terminates after finitely many steps with emptyS. We
now prove existence and uniqueness of a system of pseudo-intents.

Existence: It suffices to show thatP computed by GBASIS satisfies
V − P = Pred(P). We check both inclusions. The computation
terminates reaching the condition of while-loop for emptyS. Ap-
plying Lemma 3 (ii), we get∅ = (V − P) − Pred(P). This gives,
V − P ⊆ Pred(P). The converse inclusion is also true: ifP ∈
Pred(P) then there isQ ∈ P such that〈P, Q〉 ∈ E, i.e. P 6= Q and
||Q ⇒ Q↓↑||P 6= 1. That is, properties of globalization giveQ ⊂ P ,
andQ↓↑ 6⊆ P . SinceQ ∈ P, Q was added toP in a certain step of
GBASIS, whenQ was the first element ofS ′. By Lemma 3 (ii),S ′
was lexically ordered. SinceQ is lexically smaller thanP (recall that
Q ⊂ P , and lexical order is a linear order extending⊂), we have
P 6∈ UPDATE(S ′) which further givesP 6∈ P, i.e. P ∈ V − P.
To sum up, we have shownV − P = Pred(P), i.e. P is a system
of pseudo-intents on account of Theorem 2.

Uniqueness: LetQ satisfy V − Q = Pred(Q). By Lemma 3 (i),
P ⊆ Q. Since bothP and Q are maximal independent sets by
Lemma 2, we haveP = Q.



V. EXAMPLES AND CONCLUSIONS

Let L be a three-element Łukasiewicz chain withL = {0, 0.5, 1}.
Consider a data tableT given by Table I (top). The setX of
object consists of objects “Mercury”, “Venus”, . . . ,Y contains four
attributes: size of a planet (small / large), distance from the sun
(far / near). For globalization onL, there is a unique system of
pseudo-intents [6] (cf. also Theorem 3) forT which induces the
following basisT (see Theorem 1) ofT (attributes are abbreviated
by s—small, l—large,f—far, andn—near):

T = {{n}⇒{s, n}, {f, 0.5/n}⇒{l, f, 0.5/n},
{0.5/l}⇒{0.5/l, f}, {l, f}⇒{l, f, 0.5/n},
{0.5/s, 0.5/n}⇒{s, n}, {s, 0.5/l, f}⇒{s, l, f, n}}.

If we replace globalization by identity, we obtain two distinct systems
of pseudo-intentsP1 andP2, both consist of four elements. Table I
(bottom) contains the incidence matrix of relationE ⊆ V ×V defined
by (18). For brevity, the elements ofV are denoted by numbers
0, . . . , 42. White box on a positionP (row) andQ (column) indicates
that 〈P, Q〉 6∈ E; gray box means〈P, Q〉 ∈ E, “©” (“×”) indicates
that Q ∈ P1 (Q ∈ P2) and P ∈ Pred(Q). BasesT1 and T2 given
by P1 andP2 are the following:

T1 = {{n}⇒{0.5/s, n}, {f, 0.5/n}⇒{0.5/l, f, 0.5/n},
{l}⇒{l, f, 0.5/n},
{s, 0.5/l, 0.5/f}⇒{s, 0.5/l, 0.5/f, 0.5/n}}.

T2 = {{n}⇒{0.5/s, n}, {f, 0.5/n}⇒{0.5/l, f, 0.5/n},
{l, 0.5/f}⇒{l, f, 0.5/n},
{s, 0.5/l, 0.5/f}⇒{s, 0.5/l, 0.5/f, 0.5/n}}.

If L is a three-element G̈odel chain with identity, we also have two
distinct systems of pseudo-intents. The corresponding bases ofT are
the following:

T1 = {{0.5/l}⇒{0.5/l, f}, {0.5/l, f, 0.5/n}⇒{l, f, 0.5/n},
{0.5/s, 0.5/n}⇒{s, n}, {0.5/s, l, f}⇒{s, l, f},
{s, 0.5/l, f}⇒{s, l, f}}.

T2 = {{0.5/l, 0.5/f}⇒{0.5/l, f},
{0.5/l, f, 0.5/n}⇒{l, f, 0.5/n}, {l}⇒{l, f},
{0.5/s, 0.5/n}⇒{s, n}, {0.5/s, l, f}⇒{s, l, f},
{s, 0.5/l, f}⇒{s, l, f}}.

In this particular case, the systems of pseudo-intents have various
sizes (5 and 6 elements). Thus, even though a basis defined by
pseudo-intents is non-redundant (one cannot remove any implication
without violating completeness), it is not minimal in terms of its size
in general. Table II summarizes average counts and sizes of bases for
randomly generated data tables with fuzzy attributes. The table on top
contains results for sparse data tables (80% of table entries are zeros),
the second table contains results for data tables with average density.
Table rows indicate number of objects in randomly generated data
tables; columnsL1, L2, andL3 denote structures of truth degrees:
three-element Łukasiewicz chain with globalization, three-element
Łukasiewicz chain with identity, and three-element Gödel chain with
identity, respectively. Column “count” contains average numbers of
bases (forL1, “count” is omitted because there is always exactly
one basis), column “size” contains average sizes of a bases. This
experiment shows that sparse data tables usually lead to larger amount

TABLE II
AVERAGE COUNTS AND SIZES OF BASES

L1 L2 L3

rows size count size count size
5 5.54 16.52 3.90 22.16 5.12

10 7.00 10.58 4.71 145.60 7.19
15 7.66 9.60 5.30 469.08 6.73

20 8.16 8.60 5.64 127.20 6.78
25 7.96 5.96 6.25 104.64 6.45

30 8.38 6.84 6.02 108.96 7.06

35 8.58 6.16 6.06 78.70 7.12
40 8.48 5.26 5.79 43.70 7.21

L1 L2 L3

rows size count size count size
5 7.26 3.78 4.73 6.78 6.94

10 8.74 1.84 5.77 11.66 7.46
15 9.00 1.15 5.79 7.04 7.23

20 8.11 1.15 5.24 4.88 5.45

25 7.66 1.04 4.73 4.12 5.51
30 7.16 1.02 4.25 1.66 4.12

35 6.90 1.04 4.17 1.56 4.51
40 6.42 1.00 3.96 1.06 3.73

of bases and the bases themselves are greater than in case of tables
with average density.
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