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Abstract

The paper deals with if-then rules from data tables with
fuzzy attributes. The main result is a general “reduction
theorem” of the form: an if-then rule is true in a data table
with fuzzy attributes if and only if a suitably transformed
if-then rule is true in a suitably transformed data table with
crisp attributes. We show consequences and applications
of the reduction theorem plus some auxiliary results.
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1. Introduction and problem setting

Methods for obtaining if-then rules (implications) from
data tables describing objects and their attributes are of
the most popular ones. The well-known mining of associ-
ation rules used in data mining is an example.

In our paper, we are interested in if-then rules gener-
ated from data with fuzzy attributes: rows and columns
of data table correspond to objectsx ∈ X and attributes
y∈Y, respectively. Table entriesI(x,y) are truth degrees
to which objectx has attributey. Rules are of the form
A⇒ B, whereA andB are collections of attributes, with
the meaning: if an object has all the attributes ofA then it
has all attributes ofB. In crisp setting, attribute implica-
tions were thoroughly investigated in databases and data
analysis. Good references are [7, 10, 6]. Attribute im-
plications in fuzzy setting were for the first time studied
in [11]. Our paper is a continuation of [2, 3, 4]. We pro-
vide an answer the following question: Can a data table
T with fuzzy attributes be transformed to a tableT ′ with
crisp attributes in such a way that an attribute implica-
tion A⇒ B is true in the original data tableT if and only
if a suitable attribute implicationA′ ⇒ B′ is true inT ′?
We show a positive answer in a constructive manner. We
present a theorem describing a data transformation proce-
dure from fuzzy to crisp. As an example of application
of the theorem, we show how to obtain a complete set of
attribute implications from data with fuzzy attributes. As
a by-product, we show several formulas related to evalua-
tion of truth degree of if-then rules.

2. Preliminaries

As a set of truth degrees equipped with suitable operations
(truth functions of logical connectives) we use a complete
residuated lattice with a truth-stressing hedge (shortly, a
hedge), i.e. an algebraL = 〈L,∧,∨,⊗,→,∗,0,1〉 such
that〈L,∧,∨,0,1〉 is a complete lattice with 0 and 1 being
the least and greatest element ofL, respectively;〈L,⊗,1〉
is a commutative monoid (i.e.⊗ is commutative, asso-
ciative, anda⊗ 1 = 1⊗ a = a for eacha ∈ L); ⊗ and
→ satisfy so-called adjointness property:a⊗ b ≤ c iff
a≤ b→ c; for eacha,b,c∈ L; hedge∗ satisfies (i) 1∗ = 1,
(ii) a∗ ≤ a, (iii) (a → b)∗ ≤ a∗ → b∗, (iv) a∗∗ = a∗, for
all a,b ∈ L. Elementsa of L are called truth degrees
(usually, L ⊆ [0,1]). ⊗ and→ are (truth functions of)
“fuzzy conjunction” and “fuzzy implication”. Hedge∗ is
a (truth function of) logical connective “very true”. By
LU (or LU ) we denote the collection of all fuzzy sets in
a universeU , i.e. mappingsA of U to L. For A,B∈ LU ,
the degreeS(A,B) to which A is a subset ofB is defined
by S(A,B) =

V
u∈U A(u) → B(u). In the following we

use well-known properties of residuated lattices, hedges,
fuzzy sets and fuzzy relations which can be found in [1, 8].

3. Fuzzy attribute implications: re-
duction results

3.1. Definition and validity

In this section we recall basic notions related to attribute
implications. LetX andY be sets of objects and attributes,
respectively,I ∈ LX×Y be a fuzzy relation betweenX and
Y with I(x,y) being interpreted as a degree to which object
x∈X has attributey∈Y. The triplet〈X,Y, I〉will be called
a data table with fuzzy attributes. Afuzzy attribute impli-
cation (in attributes Y) is an expressionA ⇒ B, where
A,B∈ LY. The intended meaning ofA⇒ B is the follow-
ing: “if it is (very) true that an object has attributesA, then
it has also attributesB”.

For anL -setM ∈ LY of attributes, we define adegree
||A⇒ B||M ∈ L to which A⇒ B is valid in M∈ LY:

||A⇒ B||M = S(A,M)∗ → S(B,M). (1)

For a systemM ⊆ LY of L -sets inY we define a degree
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||A ⇒ B||M ∈ L to which A ⇒ B holds in M by ||A ⇒
B||M =

V
M∈M ||A⇒ B||M. Now we can define adegree

||A ⇒ B||〈X,Y,I〉 ∈ L to which A⇒ B holds in(each row
of) data table〈X,Y, I〉 by ||A⇒ B||〈X,Y,I〉 = ||A⇒ B||M ,
whereM = {Ix |x∈X}with Ix(y) = I(x,y) for eachy∈Y.
Clearly,||A⇒B||〈X,Y,I〉 is just the truth degree of “for each
objectx∈X: if (it is very true that)xhas all attributes from
A thenx has all attributes fromB”. To make∗ explicit, we
also write||A⇒ B||∗M instead of||A⇒ B||M .

A useful structure derived from〈X,Y, I〉 which is
related to attribute implications is a so-called fuzzy
concept lattice [1, 5]. Let∗X and ∗Y be hedges
(their meaning will become apparent later). ForL -
sets A ∈ LX (L -set of objects),B ∈ LY (L -set of at-
tributes) we defineL -setsA↑ ∈ LY (L -set of attributes),
B↓ ∈ LX (L -set of objects) byA↑(y) =

V
x∈X

(
A(x)∗X →

I(x,y)
)
, and B↓(x) =

V
y∈Y

(
B(y)∗Y → I(x,y)

)
. We put

B(X∗X ,Y∗Y , I) = {〈A,B〉 ∈ LX× LY |A↑ = B, B↓ = A}.
For 〈A1,B1〉,〈A2,B2〉 ∈ B(X∗X ,Y∗Y , I), put 〈A1,B1〉 ≤
〈A2,B2〉 iff A1 ⊆ A2 (or, iff B2 ⊆ B1; both ways are
equivalent). Operators↓,↑ form a Galois connection with
hedges [5].〈B(X∗X ,Y∗Y , I),≤〉 is called afuzzy concept
lattice induced by〈X,Y, I〉. For ∗Y = idL (identity), we
write onlyB(X∗X ,Y, I). Elements〈A,B〉 of B(X∗X ,Y∗Y , I)
are naturally interpreted as concepts (clusters) hidden in
the input data represented byI . Namely, A↑ = B and
B↓ = A say thatB is the collection of all attributes shared
by all objects fromA, andA is the collection of all objects
sharing all attributes fromB. These conditions formal-
ize the definition of a concept as developed in Port-Royal
logic; A andB are called theextentand theintent of the
concept〈A,B〉, respectively, and represent the collection
of all objects and all attributes covered by the particular
concept. Furthermore,≤ models the natural subconcept-
superconcept hierarchy.

For each〈X,Y, I〉 we consider a set Int(X∗X ,Y∗Y , I)⊆
LY of all intents of concepts ofB(X∗X ,Y∗Y , I), i.e.

Int(X∗X ,Y∗Y , I) =
= {B∈ LY | 〈A,B〉 ∈ B(X∗X ,Y∗Y , I) for someA∈ LX}.

For details, we refer to [1, 2, 5, 3, 4].

3.2. Degree of validity of an implication

This section presents results concerning formulas for
||A⇒B||〈X,Y,I〉. First, for a hedge∗ onL put fix(∗) = {a∈
L | a∗ = a} (fixpoints of∗). Furthermore, for•,∗ : L → L
put• ≤ ∗ iff a• ≤ a∗ for eacha∈ L. Then we have

Lemma 1 For hedges∗ and• on a complete residuated
latticeL we have• ≤ ∗ iff fix(•)⊆ fix(∗).

Proof. “⇒”: If a∈ fix(•) thena= a•≤ a∗≤ a, i.e. a= a∗,
whencea∈ fix(∗). “⇐”: Sincea• ≤ a, we havea•∗ ≤ a∗.

Sincea• ∈ fix(•) and fix(•) ⊆ fix(∗), we havea• = a•∗.
This givesa• = a•∗ ≤ a∗. 2

Lemma 2 For A,B,M ∈ LY, and hedges• and ∗ with
•≤ ∗we have||A⇒B||M =

V
a∈L S(a∗⊗A,M)•→S(a∗⊗

B,M) = S(S(A,M)∗⊗B,M).

Proof. First, using S(a⊗ A,B) = a → S(A,B) (easy
to check), we get||A ⇒ B||M = S(A,M)∗ → S(B,M) =
S(S(A,M)∗⊗B,M).
Second, we check both inequalities of||A ⇒ B||M =V

a∈L S(a∗ ⊗ A,M)• → S(a∗ ⊗ B,M). “≤” is true iff
for eacha ∈ L we haveS(a∗ ⊗A,M)• ⊗ ||A ⇒ B||M ≤
S(a∗ ⊗ B,M) and sinceS(a∗ ⊗ B,M) = a∗ → S(B,M),
the latter inequality is equivalent toa∗⊗S(a∗⊗A,M)•⊗
||A ⇒ B||M ≤ S(B,M) which is true. Indeed,a∗ ⊗
S(a∗ ⊗ A,M)• ⊗ ||A ⇒ B||M ≤ a∗ ⊗ S(a∗ ⊗ A,M)∗ ⊗
||A⇒ B||M = a∗⊗ (a∗ → S(A,M))∗⊗||A⇒ B||M ≤ a∗⊗
(a∗→S(A,M)∗)⊗||A⇒B||M ≤S(A,M)∗⊗(S(A,M)∗→
S(B,M)) ≤ S(B,M). To check “≥”, observe thatV

a∈L S(a∗⊗A,M)• → S(a∗⊗B,M) ≤ (for a = S(A,M))
≤ S(S(A,M)∗ ⊗ A,M)• → S(S(A,M)∗ ⊗ B,M) = 1• →
S(S(A,M)∗⊗B,M) = ||A⇒ B||M. 2

Theorem 3 (degree of validity of attribute implication)
For a data table〈X,Y, I〉 with fuzzy attributes, hedges•
and∗ with • ≤ ∗, and an attribute implication A⇒ B, the
following values are equal:
||A⇒ B||〈X,Y,I〉,V

x∈X,a∈L S(a∗⊗A,{1
/

x}↑)• → S(a∗⊗B,{1
/

x}↑),V
x∈X,a∈L S(A,{a

/
x}↑)• → S(B,{a

/
x}↑),V

a∈L ||a∗⊗A⇒ a∗⊗B||〈X,Y,I〉,V
M∈Int(X∗,Y,I) S(A,M)• → S(B,M),

||A⇒ B||Int(X∗,Y,I), S(B,A↓↑).

Proof. Due to the limited space we give only a sketch of
proof. ||A⇒ B||〈X,Y,I〉 =

V
x∈X,a∈L S(a∗⊗A,{1

/
x}↑)• →

S(a∗ ⊗ B,{1
/

x}↑) follows directly from Lemma 2,
the definition of ||A ⇒ B||〈X,Y,I〉, and the fact that
{1

/
x}↑ = Ix.

V
x∈X,a∈L S(a∗ ⊗ A,{1

/
x}↑)• → S(a∗ ⊗

B,{1
/

x}↑) =
V

x∈X,a∈L S(A,{a
/

x}↑)• → S(B,{a
/

x}↑)
follows from S(C,{c

/
x}↑) = S(c∗ ⊗ C,{1

/
x}↑)

which is easy to verify.
V

a∈L ||a∗ ⊗ A ⇒ a∗ ⊗
B||〈X,Y,I〉 equals

V
x∈X,a∈L S(a∗ ⊗ A,{1

/
x}↑)• → S(a∗ ⊗

B,{1
/

x}↑) almost directly by definition. ||A ⇒
B||Int(X∗,Y,I) ≤

V
M∈Int(X∗,Y,I) S(A,M)• → S(B,M) fol-

lows from the fact that for eachM ∈ Int(X∗,Y, I) we
have S(A,M)∗ → S(B,M) ≤ S(A,M)• → S(B,M) and
from ||A ⇒ B||Int(X∗,Y,I) =

V
M∈Int(X∗,Y,I) S(A,M)∗ →

S(B,M).
V

M∈Int(X∗,Y,I) S(A,M)• → S(B,M) ≤V
x∈X,a∈L S(A,{a

/
x}↑)• → S(B,{a

/
x}↑) follows since

for eacha∈ L andx∈ X we have{a
/

x}↑ ∈ Int(X∗,Y, I).
The remaining relationships are easy or can be found in
[3]. 2
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Remark (1) Note first that takingL = 2 (in which case
the only hedges∗ and• are the identities onL = {0,1}),
i.e. restricting ourselves to the ordinary (crisp) case, all
formulas of Theorem 3 reduce to four well-known condi-
tions of validity of an attribute implication in a data table.

(2) Hedge• of the Theorem 3 can range arbitrar-
ily from globalization (i.e. 1• = 1 anda• = 0 for a <
1), which is the least hedge, up to∗ (boundary con-
dition Theorem 3). In particular, taking globalization
for •, the above formulas simplify. Due to lack of
space, we only illustrate this fact on||A ⇒ B||〈X,Y,I〉 =V

M∈Int(X∗,Y,I) S(A,M)• → S(B,M). For • being glob-
alization, this formula simplifies to||A ⇒ B||〈X,Y,I〉 =V

A⊆M∈Int(X∗,Y,I) S(B,M). For instance, compared to||A⇒
B||〈X,Y,I〉 = ||A⇒ B||Int(X∗,Y,I), the foregoing formula says
that it is sufficient to take the infimum over intents which
fully containA.

(3) Most often, we are interested in implicationsA⇒
B which are fully true in〈X,Y, I〉, i.e. ||A⇒ B||〈X,Y,I〉 =
1. Conditions equivalent to||A ⇒ B||〈X,Y,I〉 = 1 can be
obtained from Theorem 3 using the fact thata ≤ b iff
a→ b = 1 for a,b ∈ L. Just for illustration, again, from
||A ⇒ B||〈X,Y,I〉 =

V
M∈Int(X∗,Y,I) S(A,M)• → S(B,M) we

get that||A⇒ B||〈X,Y,I〉 = 1 iff for eachM ∈ Int(X∗,Y, I)
we haveS(A,M)• ≤ S(B,M). If • is globalization, this is
the case iff for eachM ∈ Int(X∗,Y, I) such thatA⊆ M we
haveB⊆ M.

3.3. Reduction theorem

In this section we give a positive answer to the question
of finding a suitable (from the point of view of validity of
implications) transformation of a data tableT = 〈X,Y, I〉
with fuzzy attributes to a tableT ′ with crisp attributes (see
Section 1.). This question is interesting both conceptually
(reducing a property in fuzzy setting to a corresponding
property in crisp setting), from the computational point
of view (there exist several algorithms for attribute im-
plications in crisp setting, see [6, 10]), as well as from
the point of view of establishing an interface between two
frameworks.

We will use two hedges,∗X and ∗Y. ∗X is used to
evaluate truth degrees of attribute implications by (1), i.e.
we use||A⇒ B||∗X

M . For brevity, we denote fix(∗X) and
fix(∗Y) by ∗X(L) and∗Y(L), respectively. ForC∈ LX and
D ∈ LY we put bCc = {〈x,a〉 ∈ X ×∗X(L) | a ≤ C(x)}
and bDc = {〈y,a〉 ∈ Y× ∗Y(L) | a ≤ D(y)}. For C′ ⊆
X×∗X(L) andD′ ⊆Y×∗Y(L) we definedC′e ∈ LX and
dD′e ∈ LY by dC′e(x) =

W
{a | 〈x,a〉 ∈C′} anddD′e(y) =W

{a | 〈y,a〉 ∈ D′}. It can be shown thatdC′e(x) ∈ ∗X(L)
anddD′e(y) ∈ ∗Y(L) (use(

W
k a∗k)

∗ =
W

k a∗k).
Introduce mappingsf : 2X×∗X(L) → 2Y×∗Y(L) andg :

2Y×∗Y(L) → 2X×∗X(L) by A′f = bdA′e↑c andB′g = bdB′e↓c
for A′ ∈ 2X×∗X(L) andB′ ∈ 2Y×∗Y(L).

Given a data tableT = 〈X,Y, I〉 with fuzzy attributes,
introduce a data tableT ′ with crisp attributes (transfor-
mation ofT ) by T ′ = 〈X×∗X(L),Y×∗Y(L), I×〉 with a
(crisp) relationI× ⊆ (X×∗X(L))× (Y×∗Y(L)) defined
by 〈〈x,a〉,〈y,b〉〉 ∈ I× iff a⊗b≤ I(x,y). In the following,
T ′ will always denote the table just defined. The next as-
sertion presents important technical results (proof omitted
due to lack of space).

Lemma 4 (1) The pair 〈f,g〉 forms a Galois connec-
tion between X× ∗X(L) and Y× ∗Y(L). (2) T ′ is
just the data table inducing〈f,g〉. (3) B(X∗X ,Y∗Y , I)
is isomorphic to the (ordinary) concept latticeB(X ×
∗X(L),Y × ∗Y(L), I×); an isomorphism is given by
sending〈A,B〉 ∈ B(X∗X ,Y∗Y , I) to 〈bAc,bBc〉 ∈ B(X ×
∗X(L),Y×∗Y(L), I×).

The following is our basic reduction theorem connect-
ing validity of attribute implications inT and validity of
implications inT ′.

Theorem 5 (reduction theorem) For a data tableT =
〈X,Y, I〉 with fuzzy attributes, hedges∗X,∗Y, and A′,B′ ⊆
Y×∗Y(L), A∈ LY, B∈ ∗Y(L)Y, we have
(1) ||A⇒ B||∗X

T = 1 iff ||bAc ⇒ bBc||T ′ = 1, and
(2) ||A′ ⇒ B′||T ′ = 1 iff ||dA′e ⇒ dB′e||∗X

T = 1 iff
||bdA′ec ⇒ bdB′ec||T ′ = 1.

Proof. Sketch: The proof uses Lemma 4 and Theorem 3,
and some further properties off andg. We check only
(1): It can be shown thatbAcgf = bA↑↓c. One can thus
easily see thatB⊆ A↓↑ iff bBc ⊆ bAcgf. SinceB⊆ A↓↑ is
equivalent to||A⇒ B||∗X

T = 1 (here one usesB∈ ∗Y(L)Y)
andbBc ⊆ bAcgf is equivalent to||bAc ⇒ bBc||∗X

T ′ = 1,
(1) is established. 2

Remark Theorem 5 is rather general and has several
corollaries which are of practical interest.
(1) The role of∗Y is to yield smallerT ′. Particularly,
if A and B are crisp sets (i.e.A,B ∈ {0,1}Y), which is
an interesting case form the practical point of view, we
can take globalization for∗Y since∗Y(L) = {0,1} and so
A,B∈ ∗Y(L)Y. Then we have justT ′ = 〈X×∗X(L),Y, I×〉
since we can replaceY×∗Y(L) = Y×{0,1} by Y (then
〈〈x,a〉,y〉 ∈ I× iff a ≤ I(x,y)). Compared to that, with-
out using∗Y, i.e. with ∗Y being identity, we would get
〈X×∗X(L),Y× L, I×〉 which is larger thanT ′. In gen-
eral, if we haveA and B restricted to some∗Y (in that
A,B∈ ∗Y(L)Y), we get a smallerT ′ than without using∗Y

since|Y×∗Y(L)| ≤ |Y×L|.
(2) For unrestrictedA,B, we take identity for∗Y. So the
reduction context isT ′ = 〈X×∗X(L),Y×L, I×〉. For the
two boundary cases of∗X we have: If∗X is globalization,
we can takeT ′ = 〈X,Y×L, I×〉. If ∗X is identity, we have
T ′ = 〈X×L,Y×L, I×〉. Finally, if ∗X is globalization and
A,B are crisp, we can takeT ′ = 〈X,Y, I×〉 which is, in
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fact, 〈X,Y,1I〉. Here,1I is the 1-cut ofI , i.e. 〈x,y〉 ∈ I iff
I(x,y) = 1.

3.4. Complete sets of attribute implications
via reduction theorem

In this section, we show that we can use the reduction the-
orem to obtain a complete set of attribute implications of
〈X,Y, I〉. We proceed for∗Y being the identity, i.e. we
put no restrictions on premises and conclusions in impli-
cations.

For a set T of fuzzy attribute implications, put
Mod(T) = {M ∈ LY | ||A⇒ B||M = 1} (models ofT). A
degree||A⇒ B||T ∈ L to whichA⇒ B semantically fol-
lows fromT is defined by||A⇒B||T = ||A⇒B||Mod(T). T
is called complete with respect to〈X,Y, I〉 if ||A⇒ B||T =
||A⇒ B||〈X,Y,I〉 for eachA⇒ B. A completeT contains,
via semantic entailment, the information about the valid-
ity of all implications. If T is complete and no proper
subset ofT is complete, thenT is called a non-redundant
basis.T is complete iff Mod(T) = Int(X∗,Y, I) [2]. It is
known that a particular complete non-redundant basisT is
of the formT = {P⇒ P↓↑ |P∈ P} whereP is a so-called
system of pseudointents of〈X,Y, I〉 for ∗ [2]. While P is
unique and can be efficiently computed for∗ being glob-
alization (and thus, in particular, in crisp case), the situa-
tion is so far not solved for the other hedges∗. The next
result shows how to obtain a complete setT of attribute
implications from data table with fuzzy attributes (via the
reduction theorem).

Theorem 6 (complete sets of attribute implications)
For a data tableT = 〈X,Y, I〉 with fuzzy attributes, let
T ′ be a set of attribute implications which is complete
w.r.t. T ′ = 〈X ×∗X(L),Y× L, I×〉. Then T= {dA′e ⇒
dB′e | A′ ⇒ B′ ∈ T ′} is a set of (fuzzy) attribute implica-
tions which is complete w.r.t.T .

Proof. Sketch: Due to the above-mentioned criterion, it
is sufficient to check Mod(T) = Int(X∗X ,Y, I). Take any
M ∈ LY. We haveM ∈Mod(T) iff for eachA′ ⇒ B′ ∈ T ′:
M is a model ofdA′e ⇒ dB′e iff (we omit proof) for
eachA′ ⇒ B′ ∈ T ′ and a ∈ L: ba → Mc is a model of
bdA′ec⇒bdB′ec iff (we omit proof) for eachA′⇒B′ ∈T ′:
bMc is a model ofbdA′ec⇒ bdB′ec iff (sincebMc ⊆C′ iff
bMc ⊆ bdC′ec) for eachA′ ⇒ B′ ∈ T ′: bMc is a model
of A′ ⇒ B′ iff (since T ′ is complete and because of the
above criterion)bMc ∈ Int(X×∗X(L),Y×L, I×) iff (since
bMc ∈ Int(X × ∗X(L),Y × L, I×) iff M ∈ Int(X∗X ,Y, I))
M ∈ Int(X∗X ,Y, I), proving the claim. 2

Remark (1) Even ifT ′ from Theorem 6 is non-redundant,
T need not be (details omitted). As a result, it is still an
important problem to look for direct ways to obtain sys-
tems of pseudointents of〈X,Y, I〉 for general∗X.

(2) A particularT ′ for T ′ which can be efficiently
computed is the above-describedT ′ = {P′ ⇒ P′↓↑ |P′ ∈
P ′} with P ′ being the set of all pseudointents ofT ′ [6].

4. Conclusions and future research

We showed a general reduction result for implications
from data with fuzzy attributes, its consequences, and ap-
plications. The presented results improve and further de-
velop some previously published results (we will com-
ment on the relationships in a forthcoming paper). Future
research will be directed mainly to the study of complete
and non-redundant bases of implications from data with
fuzzy attributes (cf. the last Remark).
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