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ABSTRACT
We pay tribute to Lotfi Zadeh, a long-term member of the edito-
rial board of this journal, by drawing attention to his challenges to
classical probability theory. In particular, we consider the following
problem: Probably John is tall. What is the probability that John is
short? What is the probability that John is very short? What is the
probability that John is not very tall? We discuss possible solutions
and general significance of this and similar problems.
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1. Zadeh’s challenges to classical probability theory

Fuzzy logic not only represents themost important invention of Lotfi Zadeh but also a last-
ing subject of his research (Zadeh 2015). Zadeh regarded fuzzy logic as a principal means
for modeling semantics of natural languages, which became a central theme of his explo-
rations since the early 1970s (Zadeh 1973, 1975a,b,c, 1994a,b, 2005, 2006); see also Klir
and Yuan (1996) and Yager et al. (1987).

Zadeh considered it of utmost importance to develop semantics of natural languages
that would enable one to solve problems described in natural language. He repeatedly
argued that approaches based on classical set theory and classical probability theory do
not have this capability. To support his contention, he used to present examples of prob-
lems that commonly arise in human reasoning. These “simple examples”, as Zadeh called
them, exhibit typical features of natural language expressions, namely various kinds of
uncertainty of words such as “small”, “very”, “most”, “likely”, “probable”, etc.

As an example, consider the following problem, which Zadeh presented as a problem in
probability theory:

Probably John is tall. (1)

What is the probability that John is short? (2)

What is the probability that John is very short? (3)

What is the probability that John is not very tall? (4)
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As Zadeh argued, such problems cannot be solved by classical probability theory, i.e.
probability theory based on Kolmogorov’s axioms, but they may be approached via con-
cepts derived from the notion of a fuzzy set. Solutions to these problems are, nevertheless,
rarely discussed in the literature.

The aim of this paper is to draw attention to such problems and emphasize their sig-
nificance both from the theoretical as well as applied point of view. In the next section,
we outline a possible solution of the problem described above. The significance of Zadeh’s
problems to challenge classical probability theory is discussed in Section 3.

The problem regarding John’s height, described in (1)–(4), has been circulated by Zadeh
in 2011. In May 2011, Professor Zadeh addressed me by email with a preliminary version
of this problem and asked me to send him a solution. He sent me the present version of the
problem later, in August 2011. I came up with a solution and further questions regarding
the assumptions of the problem in late August, and then with a final version of my solu-
tion in early September. During our email correspondence in early September, it turned out
thatmy solutionwas almost identical with Zadeh’s own solution.1 Note also that Zadeh pre-
sented this problem along with other challenging problems in his talk at Logic Colloquium
at Berkeley (Zadeh 2011).

Before presenting a possible solution to the problem regarding John’s height, let me note
that Zadeh repeatedly emphasized on various occasions that most people do not consider
this problem a mathematical problem. According to Zadeh, not only was this problem
usually regarded as ill-posed by classical mathematicians, it was not considered as a math-
ematical problem even by most researchers in fuzzy logic. A particular point we attempt
to make is that the problem indeed may be regarded as a mathematical problem.

Note also that many studies on the various kinds of connections between probability
theory and fuzzy set theory have been presented in the literature, see Belohlavek, Dauben,
and Klir (2017) and, in particular, Dubois and Prade (1993), Nguyen (1997) and Bronevich
and Karkishchenko (2002), and that we do not comment on these connections in the
present paper.

2. A possible solution of Zadeh’s problem regarding John’s height

To solve the problem regarding John’s height mathematically,2 we first need to transform
the description of condition (1) and the questions (2)–(4), which are provided in natural
language, to their appropriate mathematical representation.

Some considerations regarding our assumptions need to be made now. Let us denote
the set of possible values of John’s height (in cm) by � and assume � = {150, . . . , 200}.
Furthermore, denote the set of all probability distributions pJ of John’s height on � byD.3
It is convenient for our purpose to rephrase (1) as follows:

It is probable that John is tall. (5)

The description of our problem involves vague terms “tall”, “short”, “very short”, “not very
tall ”, and “probable”, whosemeaning is naturally described by fuzzy sets.4 We assume that
the above terms are represented by fuzzy sets T : � → [0, 1], S : � → [0, 1], vS : � →
[0, 1], nvT : � → [0, 1], and Prob : [0, 1] → [0, 1], respectively. That is, T(ω) is the truth
degree in [0, 1] to which amanwith heightω is considered tall, and the samewith S, vS, and
nvT. For a ∈ [0, 1], Prob(a) is a truth degree in [0, 1] to which an event with probability
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a is considered probable. Prob satisfies certain natural properties, e.g. is nondecreasing,
Prob(0) = 0, Prob(1) = 1, we also assume that Prob is symmetric w.r.t. 0.5 in that

Prob(0.5 + a) = 1 − Prob(0.5 − a) (6)

for each 0 ≤ a ≤ 1.
The principal component of our solution consists in observing that:
Condition (1) represents a restriction on probability distributions of John’s height.
Classical probability theory is able to calculate the probability of, e.g. “John’s height is

≥ 180” but not of “John is tall ”:While≥ 180 is an event in� in the sense of classical prob-
ability theory, i.e. [180, 200] ⊆ �, the fuzzy set T representing “tall” is not an event in the
classical sense. Rather, T represents a fuzzy event. Zadeh recognized the importance of the
notion of a fuzzy event and that of a probability of fuzzy events at the early stage of develop-
ment of fuzzy sets (Zadeh 1968). For a probability distribution pJ ∈ D, the corresponding
probability PJ(T) of the fuzzy event T is defined as5

PJ(T) =
∑

ω∈�

pJ(ω) · T(ω). (7)

Now, every possible distribution pJ ∈ D of John’s heights induces a degree to which pJ
satisfies restriction (1), namely the degree Prob(PJ(T)) to which it is probable that John is
tall. This way, restriction (1) induces a fuzzy set R : D → [0, 1] of probability distributions
defined for pJ ∈ D by

R(pJ) = Prob(PJ(T)). (8)

It is therefore natural that:
Answers to questions (2)–(4) are to be represented by restrictions, too, namely by restric-

tions on the possible probabilities that John is short, that John is very short, and that John
is not very tall.

Answers to questions (2) and (3): Consider an arbitrary fuzzy eventA. Given a restriction
on probability distributions pJ ∈ D, one naturally regards a probability a ∈ [0, 1] as possi-
ble if there exists a probability distribution pJ satisfying the restriction for whichPJ(A) = a.
Suppose now that the restriction is represented by a set R ⊆ D of probability distributions.
Then the possible probabilities of A also form a set, πA ⊆ [0, 1], defined as

a ∈ πA if f ∃pJ ∈ D : PJ(A) = a and pJ ∈ R.

Now, if the restriction is represented by a fuzzy setR : D → [0, 1], the possible probabil-
ities also form a fuzzy set πA : [0, 1] → [0, 1], which is defined in accordance with Zadeh’s
extension principle as follows:

πA(a) = sup{R(pJ) | pJ ∈ D s.t. PJ(A) = a}. (9)

The above reasoning may directly be applied to answer our questions. For the restric-
tion R defined by (8) and the fuzzy event S, we obtain the fuzzy set πS assigning to each
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probability a ∈ [0, 1] the degree πS(a) to which a is possible probability that John is short:

πS(a) = sup{Prob(PJ(T)) | pJ ∈ D s.t. PJ(S) = a}. (10)

Observe now that for the fuzzy set nT representing “not tall”, which is defined by nT(ω) =
1 − T(ω), we have

PJ(nT) =
∑

ω∈�

pJ(ω) · nT(ω) =
∑

ω∈�

pJ(ω) · (1 − T(ω))

=
∑

ω∈�

pJ(ω) −
∑

ω∈�

pJ(ω) · T(ω) = 1 − PJ(T).

In addition, since S ⊆ nT, i.e. S(ω) ≤ nT(ω) for each ω ∈ �, which corresponds to the
fact that “short” implies “not tall”, we obtain 1 − PJ(nT) ≤ 1 − PJ(S). Due to the proper-
ties of Prob representing “probable”, cf. the text around Equation (6), we have Prob(1 −
PJ(nT)) ≤ Prob(1 − PJ(S)) and Prob(1 − a) = 1 − Prob(a). With these observations, we
obtain from (11) that πS satisfies

πS(a) = sup{Prob(PJ(T)) | pJ ∈ D s.t. PJ(S) = a}
= sup{Prob(1 − PJ(nT)) | pJ ∈ D s.t. PJ(S) = a}
≤ sup{Prob(1 − PJ(S)) | pJ ∈ D s.t. PJ(S) = a}
= Prob(1 − a) = 1 − Prob(a).

The restriction on the probabilities of “John is short” we derived is therefore represented
by the condition ≤ 1 − Prob, which may be expressed symbolically as

The probability that John is short is ≤ 1 − Prob.

Interestingly, the restriction may be transformed back to a description in natural lan-
guage, even though losing certain specificity of the solution we obtained. Namely, since
1 − Prob, i.e. the fuzzy set nProb, represents “not probable” and since being less than or
equal to “not probable” still means “not probable”, our solution leads to the following
conclusion described in natural language:

It is not probable that John is short.

This conclusion follows from condition (1) by intuition but note that we have derived it
mathematically.

As for question (3), the reader may easily check that the same reasoning applies to the
fuzzy event vS representing “very short”. In particular, for the degree πvS(a) of possibility
that the probability of “John is very short” equals a we get again πvS(a) ≤ 1 − Prob(a), i.e.
one may conclude again that it is not probable that John is very short.

Answer to question (4):While the restrictions πS and πvS on the possible probabilities of
John being short and very short may be obtained via the extension principle and relation-
ships to the probability of being tall, such relationships are not apparent for the question
related to John being not very tall. Namely, unlike “short” and “very short”, “not very tall”
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does not imply “not tall”. Hence, we can only express the degree πnvT(a) to which it is
possible that the probability of John being not very tall equals a as

πnvT(a) = sup{Prob(PJ(T)) | pJ ∈ D s.t. PJ(nvT) = a}, (11)

i.e. as a solution to an optimization problem.

3. Significance of Zadeh’s challenges

Most often than not, descriptions of real-world problems are provided in natural language
and often pertain to probabilities. As Zadeh repeatedly argued, classical probability theory
is not capable of solving these problems. To support his claims, he used to present deceiv-
ingly simple problems, such as the problem examined in this paper, which are beyond
the scope of classical probability theory. Zadeh’s purpose in presenting the challenging
problems was not confined to demonstrating the limits of classical probability theory. He
considered it important to develop an extension of classical probability theory with the
capability to solve these problems, and argued in his papers that fuzzy logic provides a
proper framework for such an extension.

It was a typical response to such problems that they were not considered as mathemati-
cal problems. This paper helps to demonstrate that such perception is not warranted—the
problems lend themselves to mathematical treatment. In particular, a possible solution is
to regard the input conditions of the problems as describing in natural language certain
restrictions and to regard the questions of the problems as questions concerning other
restrictions. The notions naturally suited for such solutions are derived from fuzzy logic.
The answers obtained may be simple, and may even be transformed to natural language
descriptions in some cases, but may also be complex and typically involve solutions of
optimization problems.

I find it proper to put Zadeh’s challenging problems, and more generally his studies
pertaining reasoning in natural language, in historical perspective, albeit rather briefly. As
argued in Belohlavek, Dauben, and Klir (2017), the main theme in logic until the late 19th
century has been human reasoning in a broad sense. Logical explorations included both
deductive and inductive reasoning, along with numerous issues extending to philosophy
and psychology, but reasoning in natural language had always been the main subject. In
the mid-19th century, logic started to focus on deductive reasoning, leaving the subject of
inductive reasoning to probability theory. Since the late 19th century and early 20th cen-
tury, whichmark the beginnings ofmodern formal logic, logic has primarily been regarded
as concerned withmathematical reasoning rather than reasoning in natural language. This
implied considerable simplification but also restrictions of applicability. From this perspec-
tive, Zadeh’s works in fuzzy logic may be regarded as an attempt to revive reasoning in
natural language as a grand theme of logic. Today, this picture is not properly recognized. I
believe that Zadeh’s attempt is of fundamental importance and that its significance in broad
terms will properly be recognized in the years to come.

Notes

1. Let me emphasize that my goal in this paper is not to claim priority in solving this problem but
rather discussing the problem and its possible solutions, and thus pay tribute to Zadeh.
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2. Note first that we present our solution in terms as simple as possible, in particular not dependent
on the rich network of concepts of Zadeh’s computing with words, calculus of restrictions, and
other frameworks, to keep the presentation short and easily accessible.

3. That is, pJ ∈ Dmeans that pJ assigns a number pJ(ω) in [0, 1] to every ω in� in such a way that∑
ω∈� pJ(ω) = 1.

4. A fuzzy set (Zadeh 1965) in a universe set U is a mapping A : U → [0, 1]; for u ∈ U, A(u) is
interpreted as the membership degree of u in A.

5. Zadeh (1968) defines a fuzzy event in a given probability space with outcomes in R
n and prob-

ability measure P as a Borel measurable fuzzy set A and its probability as the Lebesgue–Stieltjes
integral P(A) = ∫

Rn A dP. An adaptation to our situation leads to (7).
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