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Abstract

10 The concept of a fuzzy automaton, as studied in the literature, is a direct general-

11 ization of the classical concept of a non-deterministic automaton. In this paper, we

12 consider the question of whether there is a deterministic counterpart to the notion of a

13 fuzzy automaton. We propose a definition of deterministic fuzzy automata and show

14 that they are equally powerful as fuzzy automata. Compared to the classical notion of a

15 deterministic automaton, the deterministic fuzzy automaton defined in our paper differs

16 essentially only in that the final states form a fuzzy set. Moreover, we show that de-

17 terministic fuzzy automata are equally powerful as nested systems of deterministic au-

18 tomata. � 2002 Published by Elsevier Science Inc.

19 Keywords: Automata; Fuzzy sets; Fuzzy automata; Deterministic automata

20 1. Introduction and preliminaries

21 Fuzzy approach (graded truth approach) has been applied to automata
22 theory in the very early age of fuzzy set theory (see e.g. [4,5] or [1] for further
23 references). There is a deep reason to study fuzzy automata: several languages
24 are fuzzy by nature (e.g. the language containing words in which many letters
25 ‘‘a’’ occur).
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26 In our paper we consider finite automata. The basic idea in the formulation
27 of a fuzzy automaton is that, unlike the classical case, the automaton can
28 switch from one state to another one to a certain (truth) degree. For our
29 purpose we adopt the following definition of a fuzzy automaton.
30 We will use complete lattices as the structures of truth values. Note that
31 usually the real unit interval ½0; 1� is used in the literature (the reader not fa-
32 miliar with lattices may, without any harm, substitute ½0; 1� for complete lat-
33 tices throughout the paper). A complete lattice with a support set L and the
34 lattice order 6 will be denoted by L ¼ hL; 6 i. The only requirement put on
35 complete lattices that will be assumed throughout the paper is that for any
36 finite subset L0 of L, the complete sublattice ½L0� of L generated by L0 be finite
37 (this requirement is trivially satisfied by ½0; 1� or by any chain). Infima and
38 suprema are denoted by

V
and

W
etc. A fuzzy set in a universe set X with truth

39 values in a complete lattice L is any mapping A : X ! L. To make the structure
40 of truth values apparent, we write also L-set instead of fuzzy set (and, similarly,
41 in general, instead of fuzzy . . . we write L-. . . etc.). The set of all L-sets in X is
42 denoted by LX . Note that fa=xg denotes the fuzzy set A (so-called singleton) in
43 X such that AðxÞ ¼ a and AðyÞ ¼ 0 for y 6¼ x.
44 For a set X, X  denotes the set of all finite sequencies (words) of elements of
45 X including the empty word e. For w 2 X , jwj denotes the length of w (note
46 that jej ¼ 0).
47 A fuzzy automaton (FA) is a tupleA ¼ hS;R; F ; P ;Gi where S is a finite set
48 (of states), R is a finite set (input alphabet), P 2 LS and G 2 LS are L-sets of
49 initial and final states, respectively, and F 2 LS�R�S is a fuzzy relation between
50 S, R, and S (transition relation). For r 2 R, denote Fr 2 LS�S by

Frðs1; s2Þ ¼ F ðs1; r; s2Þ:
The degree ðLðAÞÞðwÞ to which a fuzzy automaton A accepts a word
r1 � � � rn 2 R is defined by

ðLðAÞÞðr1 � � �rnÞ ¼ P � Fr1 � � � � � Frn � G;
where � denotes the max–min composition of fuzzy relation, i.e.

ðLðAÞÞðr1 � � �rnÞ ¼
_

s1;...;snþ12S
P ðs1Þ ^ Fr1ðs1; s2Þ ^ � � � ^ Frnðsn; snþ1Þ

^ Gðsnþ1Þ:

This L-set, LðAÞ, in R is called the fuzzy language accepted by A.

58 2. Deterministic fuzzy automata

59 The notion of a fuzzy automaton is a generalization of the notion of a non-
60 deterministic automaton: instead of sets of initial and final states we have fuzzy
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61 sets of initial and final states; instead of a (bivalent) transition relation we have
62 fuzzy transition relation. Note that, usually, the transition of non-deterministic
63 automata is defined by a so-called transition function assigning to each state s
64 and each input symbol r a subset dðs; rÞ of states to which the automaton can
65 go. This is, however, only a matter of taste: we could equivalently define a
66 fuzzy automaton using the transition function assigning to a state s and an
67 input symbol r a fuzzy set dðs; rÞ of states (the relationship to our transition
68 relation would be ðdðs; rÞðs0Þ ¼ F ðs; r; s0ÞÞ.
69 The fuzzy automaton is non-deterministic in nature: there may be non-zero
70 truth degrees that the automaton can go to more than one state (given a state
71 and an input symbol). In the following we are going to present a deterministic
72 counterpart of the notion of a fuzzy automaton.
73 A deterministic fuzzy automaton (DFA) is a tuple A ¼ hS;R; d; s0;Gi where
74 S is a finite set (of states), R is a finite set (of input symbols), s0 2 S (input
75 symbol), G 2 LS is a fuzzy set of final states, and d : S � R ! S is a function
76 (transition function).
77 Transition function d may be extended to d : S � R ! S by putting dðs; eÞ
78 ¼ s and dðs; r1r2 � � � rnÞ ¼ dðdðs; r1Þ;r2 � � � rnÞ. The degree ðLðAÞÞðr1 � � � rnÞ
79 to which a deterministic fuzzy automaton A accepts a word r1 � � � rn 2 R is
80 defined by

ðLðAÞÞðr1 � � �rnÞ ¼ Gðdðs0; r1 � � � rnÞÞ:
The L-set LðAÞ is called the fuzzy language accepted by A.

83 Note that our definition differs from the usual definition of a deterministic
84 automaton only in that the final states form a fuzzy set. This, however, makes it
85 possible to accept words to certain truth degrees, and thus to recognize fuzzy
86 languages. In fact, the following theorem shows that fuzzy automata and non-
87 deterministic automata are equally powerful.

88 Theorem 2.1. A fuzzy language is accepted by some fuzzy automaton iff it is
accepted by some deterministic fuzzy automaton.

90 Proof. If a fuzzy language is accepted by a DFA A ¼ hS;R; d; s0;Gi, then it is
easy to see that it is accepted by the FA B ¼ hS;R; F ; f1=s0g;Gi where
F ðs1; r; s2Þ ¼ 1 if dðs1; rÞ ¼ s2 and F ðs1; r; s2Þ ¼ 0 otherwise.

93 Conversely, let a fuzzy language be accepted by a fuzzy automaton
94 A ¼ hS;R; F ; P ;Gi. Let M ¼ ½L0� be the complete sublattice of L generated by

L0 ¼ fF ðs1;r; s2Þ j s1; s2 2 S; r 2 Rg [ fPðsÞ j s 2 Sg
and let 0; 1 2 M . Since S and R are finite, L0 is finite, and by assumption, M is
finite. Define a DFA B ¼ fS0;R; d; s0;G0g by

98 S0 ¼ MS (i.e. S0 is the set of all L-sets in S that have truth values in M),
99 dðs; rÞ ¼ s � Fr for s 2 S0; r 2 R,
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100 s0 ¼ f1=Pg,
101 G0ðsÞ ¼ s � G for s 2 S0.
102 Notice first that the above definition is correct: S0 is finite and dðs; rÞ 2 S0

103 (this follows from the fact thatM is closed w.r.t. infima and suprema and that
104 ðdðs; rÞÞðs0Þ ¼

W
s002S sðs00Þ ^ Frðs00; s0ÞÞ. We have to prove that LðAÞ ¼ LðBÞ.

105 Observe first that for any word r1 � � � rn and any s 2 S0 we have

dðs; r1 � � � rnÞ ¼ s � Fr1 � � � � � Frn :

Indeed, by induction: for n ¼ 0 (the empty word) we have dðs; eÞ ¼ s. As-
suming that the assertion holds for n� 1, we get dðs; r1 � � � rnÞ ¼
dðdðs; r1Þ; r2 � � � rnÞ ¼ dðs; r1Þ � Fr2 � � � � � Frn ¼ s � Fr1 � Fr2 � � � � � Frn .

110 Now, we have

ðLðAÞÞðr1 � � �rnÞ ¼ P � Fr1 � � � � � Frn � G

and

ðLðBÞÞðr1 � � � rnÞ ¼ G0ðdðs0; r1 � � � rnÞÞ ¼ G0ðP � Fr1 � � � � � Fr1Þ
¼ P � Fr1 � � � � � Frn � G;

proving the assertion. �

115 Note that if L ¼ ½0; 1� (or, more generally, L is a chain) then M is directly
116 equal to L0 [ f0; 1g.
117 The concept of a deterministic fuzzy automaton differs from the concept of a
118 deterministic automaton only in that the final states form a fuzzy set. It is
119 natural to ask whether deterministic fuzzy automata can be in some natural
120 way represented by deterministic automata. Note that the question has been
121 affirmatively answered for fuzzy automata and non-deterministic (non-fuzzy)
122 automata in [2].
123 Recall that an a-cut (a 2 L) of an L-set A in X is a subset aA of X defined by
124 aA ¼ fx 2 X jAðxÞP ag. Let us call a system fAa � X ja 2 Lg L-nested if
125 (i) a6 b implies Ab � Aa (for any a; b 2 L),
126 (ii) A0 ¼ X ,
127 (iii) for each x 2 X , the set fa 2 L jx 2 Aag has the greatest element.

A system fAa ja 2 Lg of deterministic automata Aa ¼ fS;R; d; s0;Gag (notice
that the set of states, the alphabet, the transition function, and the initial state
are common) is called L-nested if fGa ja 2 Lg is an L-nested system of subsets
of S. For an L-nested system S ¼ fAa ja 2 Lg of deterministic automata we
define the degree to which S accepts a word w 2 R by

LðSÞðwÞ ¼
_

fa 2 L jAa accepts wg:

The thus-defined L-set LðSÞ in R is called the fuzzy language accepted by S.
L-nested systems of deterministic automata are equally powerful as deter-
ministic fuzzy automata.
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137 Theorem 2.2. A fuzzy language is accepted by some deterministic fuzzy au-
tomaton iff it is accepted by some L-nested system of deterministic automata.

139 Proof. Let A ¼ hS;R; d; s0;Gi be a deterministic fuzzy automaton. Put
Aa ¼ fS;R; d; s0; aGg and consider the system S ¼ fAa ja 2 Lg. It is obvious
that S is L-nested. By definition, we have to check that

W
fa 2 L jAa

accepts wg ¼ LðAÞ, i.e.
W
fa 2 L jdðs0;wÞ 2 aG ¼ Gðdðs0;wÞÞ which immedi-

ately follows from the well-known relationship between an L-set (G, in our
case) and the corresponding system (faG ja 2 Lg, in our case) of its a-cuts.

145 Conversely, let S ¼ fAa ja 2 Lg be an L-nested system of deterministic
146 automata Aa ¼ hS;R; d; s0;Gai. Define the L-set G in S by GðsÞ ¼

W
s2Ga

a.
147 Now, since Ga ¼ aG, the required equality ðLðSÞÞðwÞ ¼ ðLðAÞÞðwÞ follows
148 from the previous case. �

149 Remark.

(1) Note that the mappings defined in the proof of Theorem 2.2 sending a de-
terministic fuzzy automaton to an L-nested system of deterministic auto-
mata and conversely, are mutually inverse.

(2) In [2], it is proved that fuzzy automata are equally powerful as L-nested
systems of non-deterministic automata (a special case for L ¼ ½0; 1� is con-
sidered in [2]; however, this can be easily extended to arbitrary complete
lattice). Theorems 2.1 and 2.2 thus imply that any two of the four accep-
tory devices (i.e. fuzzy automata, deterministic fuzzy automata, L-nested
systems of non-deterministic automata, and L-nested systems of determin-
istic automata) are equally powerful.

160 3. Uncited reference

161 [3].
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