
Sec. 1 '1.4 Multiconditjonal Approximate Reasoning

TABLE 1.I.4 GENERALIZED HYPOTHETICAL SYLLOGISMS

1 1.4 'TULNCONDMONAL APPBONNATE REASONING

The general schema of nulticonditional approximate reasoning has the form:

Rule 1 : If T is Ar, then 9 is Br
Rule 2 : If X is A2, then ! is 82

Rule n : If X is A,, then Y is I,
F a c t :  X i s A '

Conclusion: N is B'
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Sec. 11.4 MulticonditionalApprqimateReasoning

R1@, y) :  min[A;(r) ,  Bi0) l (11.20)

for all.r e X,y e Y. Then, R is defiled by the udon of relations R; for all rules in (11'16)'

That is,

n:  U  R i . (11.21)
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F4rrt llJ llusFation of tb. octhod of ittcrpolatiotr-

Hence, 8' -- A' . R.
Obsewe that the fuzzy relation n employed in the reasoning is obtained from ihe gveD

if-then rulLes in (11.16) in the following way. For each rule j in (11 16)' we determine a

relation R; by the formula

ln this case, we treat the iflhen nj|res as disjrnctive. This means that we obtain a conclusion

for a given fact A'whenever rr(Ai ) > 0 for at least one rule j. Wben ri(A') > 0, we say that

rule j fres for the given fact .,{' .-t\e 
if+hen nnes in (11.16) may also be treated as conjunctive. In this case, we define
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Sec. 11.5 The Role of Fuzzy Relation Equalions

for aU j € Nn and, hence,

aj :  
, f-) .A'.  

R, c A'.  (  [J,f i ,)  = 8i.

Finally, we prove that B', : B!. For all y e Y,

Bi (y)  = supmir [A ' ( r ) ,  U R/( r , / ) ]
xex ./<N"

= sup sup min[A'(x), rt;(x, f)]

= sup sup min[A'(.x1, R7(:, f))

= (  u ,4 ' .R, ) (y)

= Bio)'
Hence, Bi = 81, which completes the proof. I

IJt us mention that this theorem is not restricted io the sup-mitr composilion. It bolds
for any sup-i composition, provided that the !-norm i is continuous.

In general, R; may be determined by a suitable fuzzy implication, as discussed in
Sec. 11.3. That is,

R 1 G , y ) :  [ [ A i Q ) ,  B 1 Q ) l (1r.27)

is a general counterpan of (11.20). Furthermore, R may be determined by solving appropriate
fuzzy relation equations, as discussed in the next section, rather than by agglegating
relations Rl.

11.5 THE ROLE OF FUZ BEIATION EQ''ATIONS

As previously explained, any c.nditional (if+hen) fitz4 propsition can be expressed il terms
of a fuzzy relation R between the two variables involved. One of the key issues in approximate
reasoning is to determine this relation for each given proposition. Once it is determined, we
can apply the compositional mle of inference to facilitate our reasoning process.

One way of determining R, which is discussed in Sec. 11.3, is to determhe a suitable
fuzzy implication /, which operates on fuzzy sets involved in the given proprosition, and
to express R in terms of / (see, e.g., (1.L.L2)). As criteria for determining suitable firzzy
implications, we require that the various geteralized rules of inference coincide with their
classical counterparts. For each nrle of inference, this requirement is expressed by a hnzy
relation equation that fiuzy implications suitable for the rule must satisfy. However, the
problem of determining ,R for a given conditional fuzry proposition may be detached fiom
fuzzy implications and viewed solely as a problem of solving the fuzzy telation equation
for R.

As explained ia Sec. 11.3, the equatiotr to be solved for modus ponens has the form
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?UZZY >YSTEMS

12,1 GENERALDTSCUSSTO'V

In general, a fuzy system is aly system whose variables (or, at least, some of then) ralge
over states that are fuzy sets. For each variable, the fuzzy sets are defitred on some relevant
univenal set, which is often a:r iaterval of real numbers. In this special but iDportant case, the
fuzzy sets are frrzzy numbers, and the associated variables are linguistic variables (Sec. 4.2).

RepreseDting states of variables by fuzzy sets is a way of quatrtizing the variables.
Due to the finite resolution of any measuring i$trunent, appropriate qualtization, whose
coaFeness reflects the limited measuremeot resolution, is inevitable whenever a variable
represents a real-world attribute. For example, when measurements of values of a variable
can be obtailed only to an accuracy of one decimal digit, two decimal digits, and so
on, a particular quantization takes plac€. The interval of real numbcrs that represents the
range of values of the variable is panitioned bto appropriate subintervals. Distinct values
within each subinerval are hdistinguishable by the measuring instunent involved an{
consequently, are considered equivalent. The subintewals are labelled by appropriate real
numben (i.e., relevant real numbers with one significant digit, two siglificant digits, etc.),
ard tbese labels are viewed as states of the variable. That is, states of any quantized
variable are representatives of equivalence classes of actual values of the variable. Each
given state of a qDantized variable is associated witl uncertainty regarding the actual value
of the variable. This uncertainty can be measured by the size of the equivalence class, as
explained in Sec. 9.2.

To illustmte the usual quantization just described, let us consider a variable whose range
is [0, l]. Assume lbat the measudng instiument employed allows us to measwe the variable
to an accuracy of one decinal digit. That is, states of the variable are associated with int€rvals
[0, .05), [.05, .15), [.15,.25),..., [.85,.95), [.95, 1] that arc labelled, respcctively, by their
representatives 0, .1, .2, . .., .9, 1. This exanple of quantization is shom in Fig. 12.1a.

MeasuemeDt unclrtainty, expressed for each measuring instrumeDt by a panicular
caarseness of states of the associated variable, is an example of lorced un ertainty. la
geueral, forced ulcenailty is a result of information deficiency. Measuement uncertainty,
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Sec. 12.1 General Discussion

the shown triangular membeFhip functions, and their representatioDs are the Linguistic la-
bels around 0, around .7, around .2, and so forth. Fuzzy quantization is often called granz-
lation.

Forced unc€rtainty must be distinguished from opted uncertainty. The latter is not a
result of any information deficiency but, instead, resulc from the lack of need for higher
c€nainty. Opted uncenahry is obtained, for example, by quantizing a variable beyond the
coarseDess induced by the measuring instrument ilvolved. This additional quantization allows
us to reduce information regarding the variable to a level desirable for a given task. Hence,
wh.ile forced uncertainty is a subject of epistemology, opted unc€rtainty is of a pragmatic
natue.

Considering our previous exanple, assun:e that we need to disti.nguish only three
states of the variable instead of the eleven states that are made available by our measuring
hstrumeDt. It is reasonable to label these states as /aly, nedium, and ftifl. A crisp defilition
of these states and its more meaningfirl fuzzy counterpart are shown in Figs. 12.1c and d,
respectively.

One reason for eliminating umecessary information in complex systems with matry
variables is to rcduc€ the complexity when using the system for a given task. For example,
to describe a procedue for parking a car in terms of a set of relevant variables (position of
the car relative to other objects on the scene, direction of its movement, speed, etc.), it would
not be practical to specify values of these variables with high precision. As is well known, a
description of this procedure in approximate linguistic terms is quite efficient. This important
role of uocertainty in reducilg complexiry is well cbaraclerized by Zadeh [1973]:

Givetr the deeply etrtsenched taditioD of scietrtific thinkitrg which equates the understalrding
of a phetrometron with the ability to a[alyze it in quaotitative terEs, ooe is certaiD to stri]c
a dissomtrt note by questioning the growing teDdescy to analyze the behavior of buoaaistic
systcms as if they were mcahadstic systcms govemcd by differeace, diffcrcntial, or integral
cquations.

Essetrtially, our cootetrtioB is that the conveotional quaDtitative techniqucs of systcm
aqalysis are iDtrhsically unsuited fo! dealing with humanistic systems or, fo! that Eattcr, alry
systeo wbose coEplexity is comparable to that of humaoistic systems. The basis for this
coot€ntion lests oD what Dight be caled rhe pr rciple of incompatbtlrq,. Statcd infomauy, the
esseoce of this prilciple is that as thc complexity of a systen fucreascs, our ability to matc
plrcise aod yet signficalt statemcDts about its bebavior diminishes ut'rl a tbreshold is rcachcd
beyoDd which precision and significaace (or relevanct) be-come almost mutually exclusive
characleristics. It is in this seBse that prccise analyses of the behavior of humanistic systems are
not likely to havc Euch rclci?trcc to th€ rsl-wodd soci€tal, political, ecotromic, ald othcr types
of problems which itrvolve humans eithcr as individuals or in groups.

A.o a.ltemativc approach... is based on the premisc thar the kcy elemeBts itr human
thinking arc oot nuDbcrs, but labcls of fuzzy s€ts, that is, classcs of objccts in which the
traDsition ftoD meEbership to lon-DcEbcrship is gndual rathcr tban abrupt. Indeo4 the
pervasivctress of filzziDess i.u huEaB tbought proccsses suggests that much of the logic behind
huDatr reasodng is qot the taditioDal two-valued or evel multivalue.d logic, bul a logic with
fuzzy trutbs, fuzy connerlives, and fuzzy rules of itrfcreoc€. ltr our view, it is this firzy, ard
as yct oot well-uderstoo4 togic that plays a basic role io what Eay wcll b€ one of the oost
iEponaot faceb of bumar rhinking, Da.rDely, the abiJity to sumnorAe i!JormatioD---"to crtsact
frou the mllection of Dass€s of data iDpinging upot the huma.u braio those and only those
subcoUcctioos which arc releva.ot to the Derformaoce of the task ar hand.
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Sec. 12.2 Fuzzv Contlollers: An Overview

reliable measuements, and a host of other factors. It has been observed that experienced
human operators are generally able to p€rform well uDder these circumstances.

The knowledge of an experienced human operator may be used as an alternative to a
precise model of the controlled process. While this knowledge is also difficult to express
in precisc terms, aD imprecise linguistic description of the manner of control can usuaily be
articulated by the operator with relative ease. This linguistic description consists of a set of
control mles that make use of fuzzy propositioos. A typical form of these nrles is exemplifed
by the rule

IF the lemPemture is very high
AND the pressure is sligitly low
TIIEN the heat change should be slightly negative,

where temp€rature and pressure are the obsewed state variables of the process, and heat
chaoge is the action to be taken by the connoller The vague tetrns very high slightly low,
nd slightly negative c,ln be conveniently represented by fuzzy sets defined on the unive$es
of discourse of temperatue values, pressure values, and heat changc values, respectively.
Ttis type of lhguistic nrle has formed the basis for the design of a geat variety of tuzzy
controlle.s described in the literatue.

A general hvzy controller consists of four modules: a fuzy rule base, a fuzq inference
engine, ar.d fitzifcationldefitzzifcation modules. "I\e interconnections amoDg these modules
and the controlled proc€ss are shown in Fig. 12.2.

A fuzzy conroller operates by repeating a cycle of the following four steps. First,
measuements are taken of all variables ltat represetrt relevant conditions of the cootrolled
proc€ss. Next these msasurements arc converted into appropriate firzzy sets to express
measuem€nt uncertainties. This step is called a fuzificatioa. T\e fuzzified measuremens
are tben used by the inference enghe to evaluate the control rules stored in the hpzy rule
base. The result of this evaluation is a fuzzy s€t (or several fuzzy sets) defued on the universe
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irzzy quartizatiod of tbc ratr8. I-a,aI by tsiatSular-shaFd htzy

e in Fig. 12.4; for variables a aDd u, value a h Eig. 12.4 is replaced with values b and c,
respeoively.

It is important to realize that the fuzzy quantization defined in Fig. 12.4 for the range

[-a, a] and the seven given linguistic labels are only a reasonable example. For various
reasons, ernerging from specifc applications, other shapes of the membership functions might
be preferable to the Fiangular shapes. The shapes need trot be slmmetric and need not be
equally spread over the given ranges. Moreover, different firzzy quantizations may be defiled
for different variables. Some intuitively reasonable defi.nitions of the membenhip functions
(e.g., those given in Fig. 12.4) are usually chosen only as preliminary candidates. They are
later Dodified by appropriate leaming methods, often implemented by neual networks.

Step 2. In this step, a fuzzification luncaron is introduced for each input variable to
express the associated measulement uncertahty. The purpose of the fuzzifcation function
is to interpret measurements of iaput variables, each expressed by a real number, as more
realistic firzzy approximations of the respective real numbers. Consider, as an exanple,
a fuzzifcation fuDoion /, applied to variable e. Then, the fuzzifrcation frnction has the
form

f " 
: [-a, a) --> L,

where 3 denotes the s€t of all fuzzy numbers, and /"(.xe) is a fizzy nu:nber chosen by /.
as z fiu4 approxination of the measurement e ::0. A possible definition of this fizzy
number for any .r0 € [-a, a] is given in Fig. 12.5, where t denotes a parametet tbat has to
be determined in the cootext of each particular application. It is obvious that, if desirable,
other shapes of membership fi[ctions may be used to rcpres€nt the tvzzy numbers /,(.16).
For each measuremeDt e :.ir0, the htzy set t(ro) etrters into the inference proccss (Step 4)
as a fact.

In some fuzzy controllen, input variables are noi fuzzified. That is, measurements
of input variables are employed in the inference process directly as facts. Io these cases,
funaion /. has, for each measuemeDt e = r0 the special form f.(xi = xo.

Step 3, In this step, the knowledge pertaining to the given contol problem is
formulated in terms of a set of fizzy inference rules. Ttere are two principal ways in which

a _ 4
3

Fi$rt l:}.4 Possiblc
numbcrs.

';- L
3
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Sec. 12.2 Fuzzy Controllers: An Overview

To determine proper fuzzy inference rules experimentally, we need a set of input-
output data

l (xr ,  y t ,  z i lk  e Kl ,

where z1 is a desirable value of the output variable u for given values -r1 aad yr of the input
variables e and i , respectively, and K is an appropriate index set. t-at A(xi, Boti,C(z)
denote the largest membeNhip gades in fltzzy sets represeDting the linguistic states of
variables e. i, u, respectively. Theo, it is reasonable to define a degree of relevance of tbe
rule (12.1) by the formula

tr [iz(A (xr), 8(yr)), C (zr)],

where iq, i2 are t-norms. This degce, when calculated for all rules activated by the iaput-
output data, allows us to avoid coniicting rules in the fizzy rule base. Among rules that
cotrflict witb one anotber, we select tbe one with the largest degree of relevance.

Step 4. Measurements of input variables of. z fitzy controuer must be prop€rly
combined with relevant fuzzy information nrles to make bferences regardhg the ouput
variables. This is the purpose of the inference engine. In desigaing inference engines, we
can dtectly utilize some of the material covered in Chapters 8 and 11.

In our exanple with variables e, b, u, we may proceed as follows. Fi$t, we corvert
glven fivzy hference rules of the form (12.1) into equivalent sinple fuzzy conditional
propositions of the form

If (e, t) is A x 8, then u is C.

where

[A x B](x, y) = ninle(.r), 8(y)l

for all.r € [-a,a]andally e [-b,b]. Similarly, we express the fuzzified input measuements
/.(.ro) and /"()o) as a single loint measurement,

(eo, ao) = ./"(ro) x .f.00).

Then, the problem of inference regarding the output variable u becomes the problem of
approximate reasoning with several conditional fuzzy propositions, which is discussed ia
Sec. 11.4. When the fuzzy rule base consists of n fuzzy iderence rules, the reasoning schena
has. in our case. the form

Rule 1 : If (e, Z) is Ar x 81, then u is C1
Rule2:  I f .  (e  ,  i )  is  Az x 82,  thenuisC2

Ruh n: If (e, !) is A" x B^, then v is Co
Fact : (e, e) is t(.xo) x /r(yo)

Cottclusion: uisC

The symbols A;, B i,CtQ = 1,2,...,n) denote fi:zzy sets that represent the linguistic states
of variables e, d, a, respectively.

For each rule in the fuzzy rule base, there is a corresponding relation R;, which is
determined as explained in Sec. 8.3. Since the rules are interpreted as disjunctive, we nay
use (11.5) to conclude that the state of variable u is characterized by the flzzy set
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Sec. 12.2 Fuzzy Controllers: An Overvie\a 3i!7

for all t : 1,2,...,n form a probability distribution obtained fiom the membersbip function
C by the ratio-scale transformation. Consequently, the defuzzified value dc e(C) obtained by
formula (12.4) can be interpreted as an expected value of variable u'

Center ol Maxlma Method

In this method, the defuzzified valw, dcu(C), is defined as the average of the snallest va.lue
and the largest value of u for which C(z) is the height, i(C), of C' Formally,

inf M + suoM
dcu(C\ = 

2 
,

M = lz e l-c. cllC (z) = h(C)\.

dcuG\ =
m;llztlzt e Ml + maxlzAzl e Ml

where

2

r , t= (z t lC (z )=h (C) | .

Mean ol Maxlma llethod

In this method, which is usually defined only fo! th€ discrete case, lhe defuzined value,
duu(.C),is the average of all values in the crisp set,lt defined by (12.8). That is,

where

For the disqete case,

(12.5)

(12.6)

(r2.7)

(12.8)

(12.e)
\ - , ./ - "

zreM
a y u t t t  =  

1 M l  
.

In the contitruous case, when M is given by (72.6), IMMG) may be defined as the adtbmetic
average of mean values of all intervals c4trtained in M, including intewals of length zero.
Alternatively, dyy(C) may be defued as a weiglted average of mean values of the intervals,
in which the weights aft interpreted as the relative lengths of the intervals.

An application of the four defuzzification methods (dc,r,4 u, duu, ar.d dyx weighted)
to a particular fuzzy set is illustrated n Fig. 72.7.

It is now increasingly recogaized that these defuzzification methods, as well as other
methods proposed in the literature, may be viewed as special menben of parametrized
families of defizzification methods. For the discrete cas€, an hteresting family is deiled by
the formula

Y rP  t , -  t . .

r p \ v  /  -

L L  \ z t )

(12.10)



{O'Zf) dq lJe^fB ,INp e -p .qlap or (assr ararcsrp
eql qtl,,r dSopue ur) elqeuosea.l sr U tnq'oo <- d ro; alqucqdde ,{poenp tou sr EInEroJ arll

(rl.zr)

:(91'71) go gzd:elunoo e s eJnruro; 8m^rolloJ e$ ,as?r snonqlsoo aqt log
'suual Jrlolooql

-soll€EJoJsr uI pagqsnt.{ nJ poqau ,{po aqt sI anp^ sJql uo peseq poqteul uonetg:pzqlep
eql 'ecuaH '3 tas dzzrg aq m peucluoa uorlarruoJm gu seruasard a alqerre,r 3o anp.,r paredte
aq1 ?uqe1n:Jeo:o; pam s! l€qt uonnqrlsrp fillqeqord oql'aser sr$ q ./.6 .ras ur paweldxa
aldrcuud acwur,ru ,{rqrzuacun aq.{q paurelqo sr d;o anp,r rzponred auo leql eN?sqo

'ssacord Suruoseor oql ur :adlsap aq dq paceld rruepgnoc oqt Jo lol?rlpu!
ue se pelord-ra1ur aq ,{eu uonecEzzn;ap uosoqc aql go d yo enIE^ eg ,aoueH .ss?coJd

Suruosea: eql m ecuepgnoo JJn;;o uorssa:dxe ag1 se pelerd:a1u1 aq [ew. ())NNp = ()*p
8q{sl pue 'poqtou eErx?u Jo u"aE eql (4qqo a,t\ .oo <- d saq,n .oua.gxa ]aqto eql lV
'ssacord acuara;m eql u eruepgxroc ,trol fra,r go uorssardxa ue se palardrelur aq feu 3
las ,{zznJ;o ,{.ruuuns e stussa:dar l?ql anp^ p s3 (J)op 8uqel .pelunocsp ,{qe1o1 sr 2
soqcunJ dTqsJoquau aql yo edeqs aql 'esm slql ul 'o8e.raae cqeErqluu rew ol pnba sr (r)op
'€u.q 'pup sauTquqord pnbe ua,{? an luz ' ' ' ' 'zz'rzl q sanp^ [Is ,0 <- d uaqrlt

'd sanpa Sursra:rm pug (rz)J sanJz,r Euseorep qllAt s?searm uorpnpal aql 'p"JnpaJ
an ())t! > (tz), qllq^r loJ r? enp^;o sorl$quqord .sr tsql :pasra^m sr l'age Suserq eql
'1 < d uaq.,11 '(z)J 

lo an;u,r Smseorop qlral sos?eJarn ty ,d go anp,r. uar,6 qcza :o; .puz
d enprr Smseercap qlF\ s.sserrul uollrcgrdeu ary .pagrdzu or? (r){ > (rz)J qcrqAr roJ
tz sanp^ Jo saqrlqeqord 'I > d uaqrt|uoteuuoJsrre! olPrs-onpt oql ,(q , I[og pauplqo
uounqulsD i(tllqeqo:d at0 olur surq ? sacnportm rolaruerud eqt i + d uarlt\ .pauplqo sl
por0oIII ear? Jo JelurJ eq ,1 = d uaq6 .uogelardralr4 Smls3relw ue suq:alaue.red s[l
'paqsmSmlsrp are spo$au uorlsc$zzuep lua:eg-rp qJiq^\ [q taleuered e sr (oo ,0) f d alaq,r\

(PtlqSlt'r) '{'{P - t ' nC? - e' nwp - Z.v? - I :s?oql.dr uoqBf,gPrllap paqurscp r(F Jo uoqeqsnn t.Zf DSrl

##:,,n0

rii I

z! dPqcsuols^S IznJ8ee
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12.3 FUZ CONTBOLLERS: AN EKAMPLE

gt9

In this section, we describe a particular fuzzy controller of the simple type characterized
in Fig. 12.3. We use only oDe example since desc ptions of many other fuzzy controllers,
designed for a great va.riety of control probleDs, can readily be found in the literature
(Note 12.2).

We chose to describe a fuzzy controller whose confiol problem is to stabilize an inverled
pendulum. This clnfiol problem, whicb has been quite popular in both classical confiol and
fuzzy control, has a pedagogical value. It can easily be understood, due to its appeal to
conmon sense, and yet it is not overly simple. We describe a very simple venion, which
consists of only seven fuzzy inferencc rules. It was designed and implemented by Yamakawa

[1989]. He demonshated that even sucb a simple fuzzy controller works reasonably well for
poles that are trot too short or too light, and under environmental disturbances that are not
too severe. Although performance can b€ gready improved by enlarging the fuzzy rule base,
the simple version is preferable from tbe pedagogical point of view.

The problem of stabilizing aD invened pendulum, wbich is iilusrated in Fig. 12.8, is
described as follows. A movable pole is attached to a vehicle though a pivot, as shown in
the figure. This situation car be interprcted as an inverted pendulum. The control problem is
to keep the pole (penduluro) in the venical positioD by moviDg the vehicle appropriately. The
three variables involved in this control problem bave the following meaning: e is the angle
between the actual position of the pole and its desfuable vertica.l position, e is the derivative
(rate of chaDge) of variable e, and u is proportional to the velocity, rl, of the vehicle. While
variable e is direcrly measured by a.n appropriate angle sensor, its derivative e is calcu.lated
ftom successive measurements ofe. When the pole is tilted toward lcft (or toward right), e is
viewed as negative (or positive, respectively), and a similar corvention applies to;. Variable
u is a suitable electrical quantity (electric current or voltage). Its values determine, though
an electic motor driven by an appropriate sewomechanism, tbe force applied to tbe vehicle.
Again, the forcr is viewed as negative (or positive) when it causes the vehicle to move to
the left (or to the right, respectively). For convenience, we may express u in a suitable scale
for which it is nunerically equal to the resulting force. Then, propositions about u may be
direcdy interpreted in terms of the force applied to the vehicle.

Observe that this sinplified formulation of the cotrtrol problem does not include
the requfuement that the position of the vehicle also be stabilized. Tlvo additional input
variables would have to be hcluded in the fuzzy coDtroller to deal with this requirement:
a variable defined by the distanc€ (positive or negative) benxeen the actual position of the
vehicle and its desirable position, and the derivative of this variable expressilg the velocity
of the vehicle (positive or negative). As5rrming that seven linguistic states were again
rerng znd for each of the variables, the total number of possible nonconflicting ftrzy
infereqc€ rules would become 7'=Z,4Ol. It tums out ftoro experience that ody a small
fractioD of these rules, say Z) or so, is sufficient to achieve a high performance of the
resulting fi:zzy controller.

To compare fuzzy control with classical control in dealing with the problem of stabili;ng
an irvened pendulum, we briefly describe a mathematical model of the nechanics involved
by which proper movemeDts of the vehicle would be determitred in a classical controller.-[he model coDsisb of a system of four differential equations, whose derivadon is outside the
scope of this text. The equations are
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Step 3. Following Yamakawa [1989], we select the seven linguistic inference rules
defined by the matrix in Fig. 12.9. The complete rcpreseDtation of these linguistic nrles by
the fuzzy sets chosen in Step 1 is shown i.n Fig. 12.10. Observe that the linguistic states.M
and PI do not even participate in this very resficted set of inference rules.

ftgttt Ul.9 MinimuD sct of lhguistic iDi.rcDce nrlcs to slabiliz! a! itven.i pcndulutr.

The inJerence mles can easily be undeBtood intuitively. For example, if the angle
is negative small (e = l{S) and its rate of change is Degative small (e = NS), then it
is quite natural that the velocity of the vehicle should be also negative small (u = l{S)
to make a conection in the way the pole is movitg. On the other hand, when the
angle is positive small (€: PS) and its rate of cbange is negative small (i: dS), the
movement of the pole is self-correcting; corcequently, the velocity of the vehicle should be
approximately zero (v = AZ). Otber nrles can be easily explained by sinilar common-
s€nse reasomng.

Step 4, To illustrate the inference engine, let us choose the hterpolalion rDethod
explained il Scc. 11.4 and extended as explained il Sec. 12.2. This method is ftequently
used in simple fizzy contro[ers. For each pair of input measurements, e:.r0 and b = ys,
or their fuzzifed coutrterparts, e = LQd a i = fzOd, we fitst calculate the degree of
thek compatibility ri(xo, yd with the antecedent (a fuzzy number) of each inference rule j.
wben rj(ro, y0) > 0, we say that rule j fues for the measurements. we can see by a carefirl
inspection of our fuzzy rule base, as depicted in Fig. 12.10, that: (a) at least one rule fues for
all possible input measurements, crisp or fuzzified; O) no more that two nrles can fue when
the measureDelts of ilput variables are crisp; (c) more than two rules (a.nd perhaps as many
as five) can fue when the measurements are fuzzifed. For each pair of input measurements,
the vaiue of the output variable u is approxin:ated by afuzy set C(z) determiled by (12.2),
as illustrated in Fig. 12.11 for both crisp and fuzzified measurcments. Observe that only
mles 1 and 3 fue for the given crisp input measuements, while rules 1, 2, and 3 fue for their
fuzzifed couDterpans.

Step 5. The most ftequently used defuzzifications method in the sinple fuzzy
controller is the cennoid method. If we accept it for our controller, we obtain our defi:zzifed
values by (12.3), as exemplified in Fig. 12.11.

e
N M NS AZ PM

NS NS M

M N M AZ

PS AZ PS
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_1_ _t_

34it

(a) Crisp measurements

(b) Fuzzmsd measursments

e=ie(to) 6=1;(v6)

Fltrrt LLfl Exaoplcs of fuzzy idcrcnc! n cs (of thc fuzzy nrlc basc spccifcd in Fig.
f1.10) that 6rc for givcn mcasurDcnts of itrput variabl€s: (a) crisp mcasurcto.ds; O) fuzitrad
DCaSUICElenls.
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